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Abstract
In this article we study the differentiability of solutions of parabolic semilinear stochastic
evolution equations (SEEs) with respect to their initial values. We prove that if the nonlinear
drift coefficients and the nonlinear diffusion coefficients of the considered SEEs are n-times
continuously Fre´chet differentiable, then the solutions of the considered SEEs are also n-
times continuously Fre´chet differentiable with respect to their initial values. Moreover, a
key contribution of this work is to establish suitable enhanced regularity properties of the
derivative processes of the considered SEE in the sense that the dominating linear operator
appearing in the SEE smoothes the higher order derivative processes.
1 Introduction
In this article we study the differentiability of solutions of parabolic semilinear stochastic evolution
equations (SEEs) with respect to their initial values. (Semilinear) SEEs have been extensively
studied in the last decades by means of several different approaches; see, e.g., the monographs
by Rozovski˘ı [21], Pre´voˆt & Ro¨ckner [19], and Liu & Ro¨ckner [18] for results on SEEs in the
context of the so-called “variational approach” for SEEs, see, e.g., Da Prato & Zabczyk [8] for
results on semilinear SEEs in the context of the so-called “semigroup approach” for SEEs, and
see, e.g., Walsh [24] for results on semilinear SEEs in the context of the so-called “martingale
measure approach”. In this paper we employ the semigroup approach to establish differentiability
of solutions of parabolic semilinear SEEs with respect to their initial values. More precisely, we
prove that the smoothness of the coefficients of the considered SEEs transfers to the smoothness
of the solutions of the SEEs with respect to their initial values. We demonstrate that if the
nonlinear drift coefficients and the nonlinear diffusion coefficients of the considered SEEs are n-
times continuously Fre´chet differentiable, then the solutions of the considered SEEs are also n-
times continuously Fre´chet differentiable with respect to their initial values. In addition, a key
contribution of this work is to establish suitable enhanced regularity properties of the derivative
processes of the considered SEE in the sense that the dominating linear operator appearing in the
SEE smoothes the higher order derivative processes (see (3)–(6) below). In the following theorem
we summarize some of the key findings of this article.
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Theorem 1.1. Let (H, ‖·‖H , 〈·, ·〉H) and (U, ‖·‖U , 〈·, ·〉U) be non-trivial separable R-Hilbert spaces,
let n ∈ N = {1, 2, . . .}, T ∈ (0,∞), η ∈ R, let F : H → H and B : H → HS(U,H) be n-times con-
tinuously Fre´chet differentiable functions with globally bounded derivatives, let (Ω,F ,P) be a proba-
bility space with a normal filtration (Ft)t∈[0,T ], let (Wt)t∈[0,T ] be an IdU -cylindrical (Ω,F ,P, (Ft)t∈[0,T ])-
Wiener process, let A : D(A) ⊆ H → H be a generator of a strongly continuous analytic semigroup
with spectrum(A) ⊆ {z ∈ C : Re(z) < η}, let (Hr, ‖·‖Hr , 〈·, ·〉Hr), r ∈ R, be a family of interpola-
tion spaces associated to η−A (cf., e.g., [22, Section 3.7]), and for every F/B(H)-measurable func-
tionX : Ω→ H let |[X ]| be the set given by |[X ]| = {Y : Ω→ H : (Y is F/B(H)-measurable and P(X =
Y ) = 1)
}
. Then
(i) there exist up-to-modifications unique (Ft)t∈[0,T ]/B(H)-predictable stochastic processes X0,x :
[0, T ]×Ω→ H, x ∈ H, which fulfill for all p ∈ [2,∞), x ∈ H, t ∈ [0, T ] that ∫ t
0
‖e(t−s)AF (X0,xs )‖H
+‖e(t−s)AB(X0,xs )‖2HS(U,H) ds <∞, sups∈[0,T ]E
[‖X0,xs ‖pH] <∞, and
|[X0,xt ]| =
∣∣∣∣
[
etAx+
∫ t
0
e(t−s)AF (X0,xs ) ds
]∣∣∣∣+
∫ t
0
e(t−s)AB(X0,xs ) dWs, (1)
(ii) it holds for all p ∈ [2,∞), t ∈ [0, T ] that H ∋ x 7→ |[X0,xt ]| ∈ Lp(P;H) is n-times continuously
Fre´chet differentiable with globally bounded derivatives,
(iii) there exist up-to-modifications unique (Ft)t∈[0,T ]/B(H)-predictable stochastic processes Xk,u :
[0, T ]×Ω→ H, u ∈ Hk+1, k ∈ {1, 2, . . . , n}, which fulfill for all p ∈ [2,∞), k ∈ {1, 2, . . . , n},
x, u1, u2, . . . , uk ∈ H, t ∈ [0, T ] that sups∈[0,T ]E
[‖Xk,(x,u1,u2,...,uk)s ‖pH] <∞ and(
dk
dxk
|[X0,xt ]|
)
(u1, u2, . . . , uk) = |[Xk,(x,u1,u2,...,uk)t ]|, (2)
(iv) it holds for all p ∈ (0,∞), k ∈ {1, 2, . . . , n}, δ1, δ2, . . . , δk ∈ [0, 1/2) with
∑k
i=1 δi <
1/2 that
sup
u=(u0,u1,...,uk)∈H×(H\{0})k
sup
t∈(0,T ]
[
t(
∑k
i=1 δi)−1/21[2,∞)(k) ‖Xk,ut ‖Lp(P;H)∏k
i=1 ‖ui‖H−δi
]
<∞, (3)
and
(v) it holds for all p ∈ (0,∞), k ∈ {1, 2, . . . , n}, δ1, δ2, . . . , δk ∈ [0, 1/2) with
∑k
i=1 δi <
1/2,
|F |Lipk(H,H) <∞, and |B|Lipk(H,HS(U,H)) <∞ that
sup
x,y∈H,
x 6=y
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
[
t(
∑k
i=1 δi)−1/2 ‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)
‖x− y‖H
∏k
i=1 ‖ui‖H−δi
]
<∞. (4)
In Theorem 1.1 we denote for non-trivial R-Banach spaces (V, ‖·‖V ) and (W, ‖·‖W ), a natural
number k ∈ N, and a k-times continuously differentiable function f : V → W by |f |Lipk(V,W ) the
k-Lipschitz semi-norm associated to f (see (8) in Subsection 1.1 below for details). Theorem 1.1
is an immediate consequence of items (i), (ii), (iv), (ix), and (x) of Theorem 2.1 below. In Theo-
rem 2.1 below we also specify explicitly for every natural number k ∈ N the SEEs which the k-th
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derivative processes in (2) above are solutions of (see item (i) of Theorem 2.1 below for details).
Moreover, Theorem 2.1 below provides explicit bounds for the left hand sides of (3) and (4) (see
items (ii) and (iv) of Theorem 2.1 below) in a more general framework than in Theorem 1.1 above
and establishes several further regularity properties for the derivative processes in item (iii) of
Theorem 1.1. Next we would like to emphasize that Theorem 1.1 and Theorem 2.1, respectively,
prove finiteness of (3) and (4) even though the denominators in (3) and (4) contain rather weak
norms from negative Sobolev-type spaces for the multilinear arguments of the derivative processes.
In particular, item (iv) of Theorem 1.1 and item (ii) of Theorem 2.1 below, respectively, reveal
for every p ∈ [1,∞), k ∈ {1, 2, . . . , n}, δ1, δ2, . . . , δk ∈ [0, 1/2), x ∈ H that the derivative processes(
Hk ∋ (u1, u2, . . . , uk) 7→ |[Xk,(x,u1,u2,...,uk)t ]| ∈ Lp(P;H)
) ∈ L(H⊗k, Lp(P;H)), t ∈ (0, T ], even take
values in the continuously embedded subspace
L(⊗ki=1H−δi , Lp(P;H)) (5)
of L(H⊗k, Lp(P;H)) provided that the hypothesis∑k
i=1 δi <
1/2 (6)
is satisfied. Items (iv)–(v) of Theorem 1.1 and items (ii) and (iv) of Theorem 2.1 below, respec-
tively, are of major importance for establishing essentially sharp probabilistically weak convergence
rates for numerical approximation processes as the analytically weak norms for the multilinear
arguments of the derivative processes (see the denominators in (3) and (4) above) translate in
analytically weak norms for the approximation errors in the probabilistically weak error analysis
which, in turn, result in essentially sharp probabilistically weak convergence rates for the numer-
ical approximation processes (cf., e.g., Theorem 2.2 in Debussche [10], Theorem 2.1 in Wang &
Gan [26], Theorem 1.1 in Andersson & Larsson [2], Theorem 1.1 in Bre´hier [3], Theorem 5.1 in
Bre´hier & Kopec [4], Corollary 1 in Wang [25], Corollary 5.2 in Conus et al. [7], Theorem 6.1
in Kopec [17], and Corollary 8.2 in [14]). In the following we briefly relate items (i)–(v) of The-
orem 1.1 and Theorem 2.1 below with results from the literature. Item (i) of Theorem 1.1 is
well-known and can, e.g., be found in Theorem 7.4 in Da Prato & Zabczyk [8] (cf., e.g., Theorem
4.3 in Brzez´niak [5], Theorem 7.3.5 in Da Prato & Zabczyk [9], Theorem 6.2 in Van Neerven et
al. [23], and Theorem 6.2.3 in Liu & Ro¨ckner [18]). Items (ii)–(iii) of Theorem 1.1 and items (i),
(vii), and (viii) of Theorem 2.1 below are generalizations and enhancements of Theorem 7.3.6 in
Da Prato & Zabczyk [9]. In particular, we allow F and B to grow linearly (cf. (7) in Subsection 1.1
below), we prove continuous Fre´chet differentiability (cf. item (ii) of Theorem 1.1), and we develop
the combinatorics (cf., e.g., Theorem 2 in Clark & Houssineau [6]) to explicitly specify the SEEs
to which the derivative processes of any order are solutions of (cf. item (i) of Theorem 2.1 below).
Nonetheless, the main contribution of this paper is to establish that the derivative processes even
take values in the space (5) provided that the assumption (6) is fulfilled.
1.1 Notation
In this section we introduce some of the notation which we employ throughout this article (cf., e.g.,
Section 1.1 in [1]). For two measurable spaces (A,A) and (B,B) we denote by M(A,B) the set of
A/B-measurable functions. For a set A we denote by P(A) the power set of A and we denote by
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#A ∈ N0 ∪ {∞} the number of elements of A. For an R-vector space V we denote by V [k] ⊆ V ,
k ∈ N0, the sets which satisfy for all k ∈ N that V [0] = V and V [k] = V \{0}. For a real number
T ∈ (0,∞), a set Ω, and a family (Ft)t∈[0,T ] ⊆ P(P(Ω)) of sigma-algebras on Ω we denote by
Pred((Ft)t∈[0,T ]) the sigma-algebra given by Pred((Ft)t∈[0,T ]) = σ[0,T ]×Ω
({
(s, t]× A : s ∈ [0, T ), t ∈
(s, T ], A ∈ Fs
}∪{{0}×A : A ∈ F0}) (the predictable sigma-algebra associated to (Ft)t∈[0,T ]). For
R-Banach spaces (V, ‖·‖V ) and (W, ‖·‖W ) with #V > 1 and a natural number n ∈ N we denote by
|·|Cnb (V,W ) : C
n(V,W ) → [0,∞] and ‖·‖Cnb (V,W ) : C
n(V,W ) → [0,∞] the functions which satisfy for
all f ∈ Cn(V,W ) that
|f |Cnb (V,W ) = supx∈V
∥∥f (n)(x)∥∥
L(n)(V,W )
, ‖f‖Cnb (V,W ) = ‖f(0)‖W +
n∑
k=1
|f |Ckb (V,W ) (7)
and we denote by Cnb (V,W ) the set given by Cnb (V,W ) = {f ∈ Cn(V,W ) : ‖f‖Cnb (V,W ) < ∞}.
For R-Banach spaces (V, ‖·‖V ) and (W, ‖·‖W ) with #V > 1 and a nonnegative integer n ∈ N0
we denote by |·|Lipn(V,W ) : Cn(V,W ) → [0,∞] and ‖·‖Lipn(V,W ) : Cn(V,W ) → [0,∞] the functions
which satisfy for all f ∈ Cn(V,W ) that
|f |Lipn(V,W ) =


supx,y∈V, x 6=y
(
‖f(x)−f(y)‖W
‖x−y‖V
)
: n = 0
supx,y∈V, x 6=y
(
‖f(n)(x)−f(n)(y)‖
L(n)(V,W )
‖x−y‖V
)
: n ∈ N
,
‖f‖Lipn(V,W ) = ‖f(0)‖W +
n∑
k=0
|f |Lipk(V,W )
(8)
and we denote by Lipn(V,W ) the set given by Lipn(V,W ) = {f ∈ Cn(V,W ) : ‖f‖Lipn(V,W ) < ∞}.
For an R-Hilbert space (H, ‖·‖H , 〈·, ·〉H), real numbers r ∈ [0, 1], η ∈ R, T ∈ (0,∞), and a
generator of a strongly continuous analytic semigroup A : D(A) ⊆ H → H with spectrum(A) ⊆
{z ∈ C : Re(z) < η} we denote by χr,TA,η ∈ [0,∞) the real number given by χr,TA,η = supt∈(0,T ] tr ‖(η−
A)retA‖L(H) (cf., e.g., [20, Lemma 11.36]). We denote by B : (0,∞)2 → (0,∞) the function which
satisfies for all x, y ∈ (0,∞) that B(x, y) = ∫ 1
0
t(x−1) (1− t)(y−1) dt (Beta function). We denote
by Eα,β : [0,∞) → [0,∞), α, β ∈ (−∞, 1), the functions which satisfy for all α, β ∈ (−∞, 1),
x ∈ [0,∞) that Eα,β [x] = 1 +
∑∞
n=1 x
n
∏n−1
k=0 B
(
1 − β, k(1 − β) + 1 − α) (generalized exponential
function; cf. Exercise 3 in Chapter 7 in Henry [12], (1.0.3) in Chapter 1 in Gorenflo et al. [11],
and (16) in [1]). For real numbers T ∈ (0,∞), η ∈ R, p ∈ [1,∞), a ∈ [0, 1), b ∈ [0, 1/2),
λ ∈ (−∞, 1), an R-Hilbert space (H, ‖·‖H , 〈·, ·〉H), and a generator A : D(A) ⊆ H → H of a
strongly continuous analytic semigroup with spectrum(A) ⊆ {z ∈ C : Re(z) < η} we denote by
Θa,b,λA,η,p,T : [0,∞)2 → [0,∞] the function which satisfies for all L, Lˆ ∈ [0,∞) that
Θa,b,λA,η,p,T (L, Lˆ) =

√
2
∣∣∣∣E2λ,max{a,2b}
[∣∣∣χa,TA,η L√2T (1−a)√
1−a + χ
b,T
A,η Lˆ
√
p (p− 1)T (1−2b)
∣∣∣2]
∣∣∣∣
1/2
: (λ, Lˆ) ∈ (−∞, 12 )× (0,∞)
Eλ,a
[
χ
a,T
A,η LT
(1−a)
]
: Lˆ = 0
∞ : otherwise
.
(9)
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We denote by Πk,Π
∗
k ∈ P
(P(P(N))), k ∈ N0, the sets which satisfy for all k ∈ N that Π0 = Π∗0 =
∅, Π∗k = Πk\
{{{1, 2, . . . , k}}}, and
Πk =
{
A ⊆ P(N) : [∅ /∈ A] ∧ [∪a∈Aa = {1, 2, . . . , k}] ∧ [∀ a, b ∈ A : (a 6= b⇒ a ∩ b = ∅)]
}
(10)
(cf., e.g., [6, Theorem 2]). Observe, for example, that Π0 = ∅, Π1 =
{{{1}}}, Π2 = {{{1, 2}}, {{1},
{2}}}, and Π3 = {{{1, 2, 3}}, {{1, 2}, {3}}, {{1, 3}, {2}}, {{1}, {2, 3}}, {{1}, {2}, {3}}} and note
that for every k ∈ N it holds that Πk is the set of all partitions of {1, 2, . . . , k}. For a natural
number k ∈ N and a set ̟ ∈ Πk we denote by I̟1 , I̟2 , . . . , I̟#̟ ∈ ̟ the sets which satisfy that
min
(
I̟1
)
< min
(
I̟2
)
< · · · < min(I̟#̟). For a natural number k ∈ N, a set ̟ ∈ Πk, and a natural
number i ∈ {1, 2, . . . ,#̟} we denote by I̟i,1, I̟i,2, . . . , I̟i,#I̟
i
∈ I̟i the natural numbers which satisfy
that I̟i,1 < I
̟
i,2 < · · · < I̟i,#I̟
i
. For a measure space (Ω,F , µ), a measurable space (S,S), a set R,
and a function f : Ω→ R we denote by [f ]µ,S the set given by
[f ]µ,S = {g ∈M(F ,S) : (∃A ∈ F : µ(A) = 0 and {ω ∈ Ω: f(ω) 6= g(ω)} ⊆ A)} . (11)
2 Stochastic evolution equations with smooth coefficients
2.1 Setting
Let T ∈ (0,∞), η ∈ R, let (H, ‖·‖H , 〈·, ·〉H) and (U, ‖·‖U , 〈·, ·〉U) be separable R-Hilbert spaces
with #H > 1, let (Ω,F ,P) be a probability space with a normal filtration (Ft)t∈[0,T ], let (Wt)t∈[0,T ]
be an IdU -cylindrical (Ω,F ,P, (Ft)t∈[0,T ])-Wiener process, let A : D(A) ⊆ H → H be a gener-
ator of a strongly continuous analytic semigroup with spectrum(A) ⊆ {z ∈ C : Re(z) < η}, let
(Hr, ‖·‖Hr , 〈·, ·〉Hr), r ∈ R, be a family of interpolation spaces associated to η−A, for every k ∈ N,
̟ ∈ Πk, i ∈ {1, 2, . . . ,#̟} let [·]̟i : Hk+1 → H#I̟i +1 be the function which satisfies for all u =
(u0, u1, . . . , uk) ∈ Hk+1 that [u]̟i = (u0, uI̟i,1, uI̟i,2, . . . , uI̟i,#I̟
i
), let
[
[·]] : M(Pred((Ft)t∈[0,T ]),B(H))→
P(M(Pred((Ft)t∈[0,T ]), B(H))) be the function which satisfies for allX ∈M(Pred((Ft)t∈[0,T ]),B(H))
that
[
[X ]
]
=
{
Y ∈ M(Pred((Ft)t∈[0,T ]),B(H)) : inft∈[0,T ] P
(
Yt = Xt
)
= 1
}
, for every p ∈ (0,∞)
let Lp and Lp be the sets given by Lp = {X ∈M(Pred((Ft)t∈[0,T ]),B(H)) : supt∈[0,T ] ‖Xt‖Lp(P;H) <
∞} and Lp = {[[X ]] : X ∈ Lp} and let ‖·‖
Lp
: Lp → [0,∞) be the function which satisfies for all
X ∈ Lp that ∥∥[[X ]]∥∥
Lp
= supt∈[0,T ] ‖Xt‖Lp(P;H), and for every separable R-Banach space (V, ‖·‖V )
and every a ∈ R, b ∈ (a,∞), A ∈ B(R), X ∈ M(B(A)⊗ F ,B(V )) with (a, b) ⊆ A let ∫ b
a
Xs ds ∈
{[Y ]P,B(V ) : Y ∈M(F ,B(V ))} be the set given by
∫ b
a
Xs ds =
[ ∫ b
a
1{∫ b
a
‖Xu‖V du<∞}Xs ds
]
P,B(V ).
2.2 Differentiability with respect to the initial values
Theorem 2.1 (Differentiability with respect to the initial value). Assume the setting in Sec-
tion 2.1, let n ∈ N, F ∈ Cnb (H,H), B ∈ Cnb (H,HS(U,H)), α ∈ [0, 1), β ∈ [0, 1/2), and for
every k ∈ N, δ = (δ1, δ2, . . . , δk) ∈ Rk, J ∈ P(R) let ιδJ ∈ R be the real number given by
ιδJ =
∑
i∈J∩{1,2,...,k} δi − 1[2,∞)(#J∩{1,2,...,k}) min{1− α, 1/2− β}. Then
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(i) there exist up-to-modifications unique (Ft)t∈[0,T ]/B(H)-predictable stochastic processes Xk,u :
[0, T ]×Ω→ H, u ∈ Hk+1, k ∈ {0, 1, . . . , n}, which fulfill for all k ∈ {0, 1, . . . , n}, p ∈ [2,∞),
u = (u0, u1, . . . , uk) ∈ Hk+1, t ∈ [0, T ] that sups∈[0,T ]E[‖Xk,us ‖pH ] <∞ and
[Xk,ut − etA 1{0,1}(k) uk]P,B(H)
=
∫ t
0
e(t−s)A
[
1{0}(k)F (X0,u0s ) +
∑
̟∈Πk
F (#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)]
ds
+
∫ t
0
e(t−s)A
[
1{0}(k)B(X0,u0s ) +
∑
̟∈Πk
B(#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)]
dWs,
(12)
(ii) for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈ [0, 1/2)k with
∑k
i=1 δi <
1/2 it holds
that
sup
u=(u0,u1,...,uk)∈(×ki=0H[i])
sup
t∈(0,T ]
[
tι
δ
N ‖Xk,ut ‖Lp(P;H)∏k
i=1 ‖ui‖H−δi
]
≤ Θα,β,ιδNA,η,p,T (|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
[
χδ1,TA,η 1{1}(k)
+ max{T k, 1}
[
χα,TA,η B
(
1− α, 1−∑ki=1 δi)‖F‖Ckb(H,H−α) (13)
+ χβ,TA,η
√
p (p−1)
2
B
(
1− 2β, 1− 2∑ki=1 δi) ‖B‖Ckb (H,HS(U,H−β))
]
·
∑
̟∈Π∗k
∏
I∈̟
sup
u=(ui)i∈I∪{0}∈(×i∈I∪{0}H[i])
sup
t∈(0,T ]
[
tι
δ
I ‖X#I ,ut ‖Lp#̟ (P;H)∏
i∈I ‖ui‖H−δi
]]
<∞,
(iii) for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), x ∈ H it holds that (Hk ∋ u 7→ [[Xk,(x,u)]] ∈ Lp) ∈
L(k)(H,Lp),
(iv) for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈ [0, 1/2)k with
∑k
i=1 δi <
1/2,
|F |Lipk(H,H−α) <∞, and |B|Lipk(H,HS(U,H−β)) <∞ it holds that
sup
x,y∈H,
x 6=y
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
tι
(δ,0)
N ‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)
‖x− y‖H
∏k
i=1 ‖ui‖H−δi
≤ max{T k, 1}Θα,β,ι
(δ,0)
N
A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
(
χ0,TA,ηΘ
α,β,0
A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
∑
̟∈Πk
∏
I∈̟
sup
u=(ui)i∈I∪{0}∈(×i∈I∪{0}H[i])
sup
t∈(0,T ]
[
tι
δ
I ‖X#I ,ut ‖Lp(#̟+1)(P;H)∏
i∈I ‖ui‖H−δi
]
6
+
∑
̟∈Π∗
k
∑
I∈̟
sup
x,y∈H,
x 6=y
sup
u=(ui)i∈I∈(H\{0})#I
sup
t∈(0,T ]
[
t
ι
(δ,0)
I∪{k+1}‖X#I ,(x,u)t −X#I ,(y,u)t ‖Lp#̟ (P;H)
‖x− y‖H
∏
i∈I ‖ui‖H−δi
]
(14)
·
∏
J∈̟\{I}
sup
u=(ui)i∈J∪{0}∈(×i∈J∪{0}H[i])
sup
t∈(0,T ]
[
tι
δ
J ‖X#J ,ut ‖Lp#̟ (P;H)∏
i∈J ‖ui‖H−δi
])
·
[
χα,TA,η B
(
1− α, 1−∑ki=1 δi) ‖F‖Lipk(H,H−α)
+ χβ,TA,η
√
p (p−1)
2
B
(
1− 2β, 1− 2∑ki=1 δi) ‖B‖Lipk(H,HS(U,H−β))
]
<∞,
(v) for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞) it holds that (H ∋ x 7→ [Hk ∋ u 7→ [[Xk,(x,u)]] ∈ Lp] ∈
L(k)(H,Lp)
) ∈ C(H,L(k)(H,Lp)),
(vi) for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), x ∈ H it holds that

lim sup
H\{0}∋uk→0
sup
t∈[0,T ]
‖X0,x+ukt −X0,xt −X
1,(x,uk)
t ‖Lp(P;H)
‖uk‖H = 0 : k = 1
lim sup
H\{0}∋uk→0
sup
u=(u1,u2,...,uk−1)∈(H\{0})k−1
sup
t∈[0,T ]
‖Xk−1,(x+uk,u)t −Xk−1,(x,u)t −X
k,(x,u,uk)
t ‖Lp(P;H)∏k
i=1 ‖ui‖H
= 0 : k > 1
,
(15)
(vii) for all p ∈ [2,∞) it holds that (H ∋ x 7→ [[X0,x]] ∈ Lp) ∈ Cnb (H,Lp),
(viii) for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), x, u1, u2, . . . , uk ∈ H it holds that(
dk
dxk
[
[X0,x]
])
(u1, u2, . . . , uk) =
(
H ∋ y 7→ [[X0,y]] ∈ Lp)(k)(x)(u1, u2, . . . , uk)
=
[
[Xk,(x,u1,u2,...,uk)]
]
,
(16)
(ix) for all p ∈ [2,∞), t ∈ [0, T ] it holds that (H ∋ x 7→ [X0,xt ]P,B(H) ∈ Lp(P;H)) ∈ Cnb (H,Lp(P;H)),
and
(x) for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), x, u1, u2, . . . , uk ∈ H, t ∈ [0, T ] it holds that(
dk
dxk
[X0,xt ]P,B(H)
)
(u1, u2, . . . , uk)
=
(
H ∋ y 7→ [X0,yt ]P,B(H) ∈ Lp(P;H)
)(k)
(x)(u1, u2, . . . , uk) = [X
k,(x,u1,u2,...,uk)
t ]P,B(H).
(17)
Proof. Throughout this proof let r0, r1 ∈ [0, 1) be the real numbers given by r0 = α and r1 = β,
let 0k ∈ Rk, k ∈ N, be the vectors which satisfy for all k ∈ N that 0k = (0, 0, . . . , 0), let
(Vl,r, ‖·‖Vl,r , 〈·, ·〉Vl,r), l ∈ {0, 1}, r ∈ [0,∞), be the R-Hilbert spaces which satisfy for all r ∈ [0,∞)
that
(V0,r, ‖·‖V0,r , 〈·, ·〉V0,r) = (H−r, ‖·‖H−r , 〈·, ·〉H−r) (18)
and
(V1,r, ‖·‖V1,r , 〈·, ·〉V1,r) = (HS(U,H−r), ‖·‖HS(U,H−r) , 〈·, ·〉HS(U,H−r)), (19)
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let Gl : H → Vl,0, l ∈ {0, 1}, be the functions given by G0 = F and G1 = B, let ⌊·⌋ : R → R and
⌈·⌉ : R→ R be the functions which satisfy for all t ∈ R that
⌊t⌋ = max((−∞, t] ∩ {0, 1,−1, 2,−2, . . . }) (20)
and
⌈t⌉ = min([t,∞) ∩ {0, 1,−1, 2,−2, . . . }) , (21)
let θml : H
m+1 → Hm, m ∈ N, l ∈ {0, 1}, be the functions which satisfy for all l ∈ {0, 1}, m ∈ N,
u = (u0, u1, . . . , um) ∈ Hm+1 that
θml (u) =
{
u0 + lu1 : m = 1
(u0 + lum, u1, u2, . . . , um−1) : m > 1
, (22)
and let Dk ∈ P(Rk), k ∈ N, be the sets which satisfy for all k ∈ N that
Dk =
{
(δ1, δ2, . . . , δk) ∈ [0, 1/2)k :
∑k
i=1 δi <
1/2
}
. (23)
Next we claim that for every k ∈ {1, 2, . . . , n} there exist up-to-modifications unique (Ft)t∈[0,T ]/B(H)-
predictable stochastic processes X l,u : [0, T ]×Ω→ H , u ∈ H l+1, l ∈ {0, 1, . . . , k}, which fulfill for
all l ∈ {0, 1, . . . , k}, p ∈ [2,∞), u = (u0, u1, . . . , ul) ∈ H l+1, t ∈ [0, T ] that sups∈[0,T ] E[‖X l,us ‖pH ] <
∞ and
[X l,ut − etA 1{0,1}(l) ul]P,B(H)
=
∫ t
0
e(t−s)A
[
1{0}(l)F (X0,u0s ) +
∑
̟∈Πl
F (#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)]
ds
+
∫ t
0
e(t−s)A
[
1{0}(l)B(X0,u0s ) +
∑
̟∈Πl
B(#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)]
dWs.
(24)
We now prove (24) by induction on k ∈ {1, 2, . . . , n}. For the base case k = 1 note that, e.g.,
item (i) of Corollary 2.10 in [1] (with H = H , U = U , T = T , η = η, α = 0, β = 0, W = W ,
A = A, F = F , B = B, δ = 0 in the notation of Corollary 2.10 in [1]) ensures the existence of
up-to-modifications unique (Ft)t∈[0,T ]/B(H)-predictable stochastic processes X0,x : [0, T ]×Ω→ H ,
x ∈ H , which fulfill for all p ∈ [2,∞), x ∈ H , t ∈ [0, T ] that sups∈[0,T ] E[‖X0,xs ‖pH ] <∞ and
[X0,xt − etAx]P,B(H) =
∫ t
0
e(t−s)AF (X0,xs )ds+
∫ t
0
e(t−s)AB(X0,xs ) dWs. (25)
Next we note that for all l ∈ {0, 1}, p ∈ [2,∞), u ∈ H , Y, Z ∈ Lp(P;H), t ∈ (0, T ] it holds that
‖G′l(Xut )Y −G′l(Xut )Z‖Lp(P;Vl,0) ≤ |Gl|C1b(H,Vl,0) ‖Y − Z‖Lp(P;H) and
‖G′l(Xut )0‖Lp(P;Vl,0) = 0.
(26)
This allows us to apply item (i) of Theorem 2.9 in [1] (with H = H , U = U , T = T , η = η,
p = p, α = 0, αˆ = 0, β = 0, βˆ = 0, L0 = |F |C1b(H,H), Lˆ0 = 0, L1 = |B|C1b(H,HS(U,H)), Lˆ1 = 0,
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W = W , A = A, F =
(
[0, T ]× Ω ×H ∋ (t, ω, x) 7→ F ′(X0,u0t (ω))x ∈ H
)
, B =
(
[0, T ]× Ω ×H ∋
(t, ω, x) 7→ B′(X0,u0t (ω))x ∈ HS(U,H)
)
, δ = 0, λ = 0, ξ = (Ω ∋ ω 7→ u1 ∈ H) for u0, u1 ∈ H ,
p ∈ [2,∞) in the notation of Theorem 2.9 in [1]) to obtain that there exist up-to-modifications
unique (Ft)t∈[0,T ]/B(H)-predictable stochastic processes X1,u : [0, T ] × Ω → H , u ∈ H2, which
fulfill for all p ∈ [2,∞), u = (u0, u1) ∈ H2, t ∈ [0, T ] that sups∈[0,T ]E[‖X1,us ‖pH ] <∞ and
[X1,ut − etAu1]P,B(H) =
∫ t
0
e(t−s)AF ′(X0,u0s )X
1,u
s ds +
∫ t
0
e(t−s)AB′(X0,u0s )X
1,u
s dWs. (27)
This and (25) prove (24) in the base case k = 1. For the induction step {1, 2, . . . , n − 1} ∋ k →
k + 1 ∈ {2, 3, . . . , n} we introduce more notation. Assume that there exists a natural number
k ∈ {1, 2, . . . , n − 1} such that (24) holds for k = k, let X l,u : [0, T ] × Ω → H , u ∈ H l+1,
l ∈ {2, 3, . . . , k}, be up-to-modifications unique (Ft)t∈[0,T ]/B(H)-predictable stochastic processes
which fulfill for all l ∈ {2, 3, . . . , k}, p ∈ [2,∞), u = (u0, u1, . . . , ul) ∈ H l+1, t ∈ [0, T ] that
sups∈[0,T ] E[‖X l,us ‖pH ] <∞ and
[X l,ut ]P,B(H) =
∫ t
0
e(t−s)A
∑
̟∈Πl
F (#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)
ds
+
∫ t
0
e(t−s)A
∑
̟∈Πl
B(#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)
dWs,
(28)
let Gul : [0, T ]×Ω×H → Vl,0, u ∈ Hk+2, l ∈ {0, 1}, be the functions which satisfy for all l ∈ {0, 1},
u = (u0, u1, . . . , uk+1) ∈ Hk+2, t ∈ [0, T ], x ∈ H that
Gul (t, x) = G′l(X0,u0t ) x+
∑
̟∈Π∗
k+1
G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[u]̟1
t , X
#I̟
2
,[u]̟2
t , . . . , X
#I̟
#̟
,[u]̟#̟
t
)
, (29)
and let L¯u,pl ∈ [0,∞), u ∈ Hk+2, p ∈ [2,∞), l ∈ {0, 1}, be the real numbers which satisfy for all
l ∈ {0, 1}, p ∈ [2,∞), u ∈ Hk+2 that
L¯u,pl =
∑
̟∈Π∗k+1 |Gl|C#̟b (H,Vl,0)
∏#̟
i=1
∥∥[[X#I̟i ,[u]̟i ]]∥∥
Lp#̟
. (30)
Next we note that Ho¨lder’s inequality implies for all l ∈ {0, 1}, p ∈ [2,∞), u = (u0, u1, . . . , uk+1) ∈
Hk+2, Y, Z ∈ Lp(P;H), t ∈ (0, T ] that
‖Gul (t, Y )− Gul (t, Z)‖Lp(P;Vl,0) ≤ |Gl|C1b(H,Vl,0) ‖Y − Z‖Lp(P;H) (31)
and ∥∥Gul (t, 0)∥∥Lp(P;Vl,0)
≤∑̟∈Π∗
k+1
∥∥G(#̟)l (X0,u0t )(X#I̟1 ,[u]̟1t , X#I̟2 ,[u]̟2t , . . . , X#I̟#̟ ,[u]̟#̟t )∥∥Lp(P;Vl,0)
≤∑̟∈Π∗
k+1
|Gl|C#̟b (H,Vl,0)
∏#̟
i=1
∥∥X#I̟i ,[u]̟it ∥∥Lp#̟ (P;H) ≤ L¯u,pl .
(32)
We can hence apply item (i) of Theorem 2.9 in [1] (with H = H , U = U , T = T , η = η, p = p,
α = 0, αˆ = 0, β = 0, βˆ = 0, L0 = |F |C1b(H,H), Lˆ0 = L¯
u,p
0 , L1 = |B|C1b(H,HS(U,H)), Lˆ1 = L¯
u,p
1 ,
9
W = W , A = A, F = Gu0 , B = Gu1 , δ = 0, λ = 0, ξ = (Ω ∋ ω 7→ 0 ∈ H) for u ∈ Hk+2,
p ∈ [2,∞) in the notation of Theorem 2.9 in [1]) to obtain that there exist up-to-modifications
unique (Ft)t∈[0,T ]/B(H)-predictable stochastic processes Xk+1,u : [0, T ]×Ω→ H , u ∈ Hk+2, which
fulfill for all p ∈ [2,∞), u = (u0, u1, . . . , uk+1) ∈ Hk+2, t ∈ [0, T ] that sups∈[0,T ] E[‖Xk+1,us ‖pH ] <∞
and
[Xk+1,ut ]P,B(H) =
∫ t
0
e(t−s)AGu0 (s,Xk+1,us )ds+
∫ t
0
e(t−s)AGu1 (s,Xk+1,us ) dWs
=
∫ t
0
e(t−s)A
∑
̟∈Πk+1
F (#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)
ds
+
∫ t
0
e(t−s)A
∑
̟∈Πk+1
B(#̟)(X0,u0s )
(
X
#I̟
1
,[u]̟1
s , X
#I̟
2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)
dWs.
(33)
This proves (24) in the case k + 1. Induction hence establishes (24). The proof of item (i) is thus
completed.
For our proof of items (ii)–(x) we introduce further notation. Let Xk,u : [0, T ] × Ω → H ,
u ∈ Hk+1, k ∈ {0, 1, . . . , n}, be (Ft)t∈[0,T ]/B(H)-predictable stochastic processes which fulfill for all
k ∈ {0, 1, . . . , n}, p ∈ [2,∞), u = (u0, u1, . . . , uk) ∈ Hk+1, t ∈ [0, T ] that sups∈[0,T ]E[‖Xk,us ‖pH ] <∞
and
[Xk,ut − etA 1{0,1}(k) uk]P,B(H)
=
∫ t
0
e(t−s)A
[
1{0}(k)F (X0,u0s ) +
∑
̟∈Πk
F (#̟)(X0,u0s )
(
X
#I̟1
,[u]̟1
s , X
#I̟2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)]
ds
+
∫ t
0
e(t−s)A
[
1{0}(k)B(X0,u0s ) +
∑
̟∈Πk
B(#̟)(X0,u0s )
(
X
#I̟1
,[u]̟1
s , X
#I̟2
,[u]̟2
s , . . . , X
#I̟
#̟
,[u]̟#̟
s
)]
dWs,
(34)
let Lδ̟,p ∈ [0,∞], ̟ ∈ P
(P({1, 2, . . . , k}) \ {∅}), δ ∈ Dk, p ∈ (0,∞), k ∈ {1, 2, . . . , n}, be the
extended real numbers which satisfy for all k ∈ {1, 2, . . . , n}, p ∈ (0,∞), δ = (δ1, δ2, . . . , δk) ∈ Dk,
̟ ∈ P(P({1, 2, . . . , k}) \ {∅}) \ {∅} that Lδ∅,p = 1 and
Lδ̟,p =
∏
I∈̟
sup
u=(ui)i∈I∪{0}∈(×i∈I∪{0}H[i])
sup
t∈(0,T ]
[
tι
δ
I ‖X#I ,ut ‖Lp(P;H)∏
i∈I ‖ui‖H−δi
]
, (35)
let L˜p ∈ [0,∞], p ∈ (0,∞), be the extended real numbers which satisfy for all p ∈ (0,∞) that
L˜p = sup
u0∈H
sup
u1∈H\{0}
sup
t∈(0,T ]
[
‖X0,u0+u1t −X0,u0t ‖Lp(P;H)
‖u1‖H
]
, (36)
let Lˆδ,u,pk,l ∈ [0,∞], u ∈ Hk+1, δ ∈ Dk, p ∈ (0,∞), l ∈ {0, 1}, k ∈ {1, 2, . . . , n}, be the extended real
numbers which satisfy for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ (0,∞), δ ∈ Dk, u = (u0, u1, . . . , uk) ∈
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Hk+1 that
Lˆδ,u,pk,l = |T ∨ 1|⌊k/2⌋min{1−α,1/2−β}
·
∑
̟∈Π∗k
|Gl|C#̟b (H,Vl,rl)
#̟∏
i=1
sup
t∈(0,T ]
[
t
ιδ
I̟
i ‖X#I̟i ,[u]
̟
i
t ‖Lp#̟ (P;H)
]
,
(37)
for every k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, u = (u0, u1, . . . , uk) ∈ Hk+1 let Guk,l : [0, T ]× Ω ×H → Vl,0
and G¯uk,l : [0, T ]× Ω×H → Vl,0 be the functions which satisfy for all x ∈ H , t ∈ [0, T ] that
Guk,l(t, x) = G
′
l(X
0,u0
t )x+
∑
̟∈Π∗
k
G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[u]̟1
t , X
#I̟
2
,[u]̟2
t , . . . , X
#I̟
#̟
,[u]̟#̟
t
)
(38)
and
G¯uk,l(t, x) =

∫ 1
0
G′l
(
X0,u0t + ρ[X
0,u0+u1
t −X0,u0t ]
)
x dρ : k = 1
G′l(X
0,u0
t ) x
+
∫ 1
0
G′′l
(
X0,u0t + ρ[X
0,u0+uk
t −X0,u0t ]
)(
X
k−1,θk1 (u)
t , X
0,u0+uk
t −X0,u0t
)
dρ
+
∑
̟∈Π∗
k−1
[∫ 1
0
G
(#̟+1)
l
(
X0,u0t + ρ[X
0,u0+uk
t −X0,u0t ]
)(
X
#I̟
1
,[θk1 (u)]
̟
1
t ,
X
#I̟
2
,[θk1 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk1 (u)]
̟
#̟
t , X
0,u0+uk
t −X0,u0t
)
dρ
+G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[θk1 (u)]
̟
1
t , X
#I̟
2
,[θk1 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk1 (u)]
̟
#̟
t
)
−G(#̟)l (X0,u0t )
(
X
#I̟
1
,[θk0 (u)]
̟
1
t , X
#I̟
2
,[θk0 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk0 (u)]
̟
#̟
t
)]
: k > 1
,
(39)
and for every k ∈ {1, 2, . . . , n}, p ∈ (0,∞) let dk,p : H2 → [0,∞] and d˜k,p : H × (H \ {0})→ [0,∞]
be the functions which satisfy for all x, y ∈ H , v ∈ H \ {0} that
dk,p(x, y) = sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
[
‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)∏k
i=1 ‖ui‖H
]
(40)
and
d˜k,p(x, v)
=


sup
t∈(0,T ]
[
‖X0,x+vt −X0,xt −X1,(x,v)t ‖Lp(P;H)
‖v‖H
]
: k = 1
sup
u=(u1,u2,...,uk−1)∈(H\{0})k−1
sup
t∈(0,T ]
[
‖Xk−1,(x+v,u)t −Xk−1,(x,u)t −Xk,(x,u,v)t ‖Lp(P;H)
‖v‖H
∏k−1
i=1 ‖ui‖H
]
: k > 1
.
(41)
In the next step we prove item (ii) and the fact that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), x ∈ H ,
t ∈ [0, T ] it holds that
Hk ∋ u 7→ [Xk,(x,u)t ]P,B(H) ∈ Lp(P;H) (42)
is a k-linear function.
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We prove item (ii) and (42) by induction on k ∈ {1, 2, . . . , n}. Note that for all l ∈ {0, 1},
p ∈ [2,∞), u ∈ H2, Y, Z ∈ Lp(P;H), t ∈ (0, T ] it holds that
‖Gu1,l(t, Y )−Gu1,l(t, Z)‖Lp(P;Vl,rl) ≤ |Gl|C1b(H,Vl,rl ) ‖Y − Z‖Lp(P;H) and
‖Gu1,l(t, 0)‖Lp(P;Vl,rl) = 0.
(43)
Moreover, observe that (34) and (38) ensure that for all u = (u0, u1) ∈ H2, t ∈ [0, T ] it holds that
[X1,ut ]P,B(H) = [e
tAu1]P,B(H) +
∫ t
0
e(t−s)AGu1,0(s,X
1,u
s )ds +
∫ t
0
e(t−s)AGu1,1(s,X
1,u
s ) dWs. (44)
Combining (43)–(44) with items (i)–(ii) of Theorem 2.9 in [1] (with H = H , U = U , T = T ,
η = η, p = p, α = α, αˆ = 0, β = β, βˆ = 0, L0 = |F |C1b(H,H−α), Lˆ0 = 0, L1 = |B|C1b(H,HS(U,H−β)),
Lˆ1 = 0, W = W , A = A, F =
(
[0, T ] × Ω × H ∋ (t, ω, x) 7→ Gu1,0(t, ω, x) ∈ H−α
)
, B =(
[0, T ] × Ω × H ∋ (t, ω, x) 7→ (U ∋ u 7→ Gu1,1(t, ω, x)u ∈ H−β) ∈ HS(U,H−β)
)
, δ = δ, λ = δ,
ξ = (Ω ∋ ω 7→ u1 ∈ H−δ) for u = (u0, u1) ∈ H2, δ ∈ [0, 1/2), p ∈ [2,∞) in the notation of
Theorem 2.9 in [1]) implies that for all p ∈ [2,∞), δ ∈ [0, 1/2) it holds that
sup
u0∈H
sup
u1∈H\{0}
sup
t∈(0,T ]
[
tδ‖X1,(u0,u1)t ‖Lp(P;H)
‖u1‖H−δ
]
≤ Θα,β,δA,η,p,T (|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β))) sup
u0∈H
sup
u1∈H\{0}
[
supt∈(0,T ](t
δ ‖etAu1‖H)
‖u1‖H−δ
]
≤
[
sup
t∈(0,T ]
tδ ‖(η −A)δetA‖L(H)
]
Θα,β,δA,η,p,T (|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
= χδ,TA,ηΘ
α,β,δ
A,η,p,T (|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β))) <∞.
(45)
This proves item (ii) in the base case k = 1. Next we observe that (34) shows that for all p ∈ [2,∞),
x, u, u˜ ∈ H , λ ∈ R, t ∈ [0, T ] it holds that sups∈[0,T ]E
[‖X1,(x,u)s ‖pH + ‖X1,(x,u˜)s ‖pH] <∞ and
[X
1,(x,u)
t + λX
1,(x,u˜)
t ]P,B(H) = [e
tA(u+ λu˜)]P,B(H)
+
∫ t
0
e(t−s)AF ′(X0,xs )(X
1,(x,u)
s + λX
1,(x,u˜)
s )ds+
∫ t
0
e(t−s)AB′(X0,xs )(X
1,(x,u)
s + λX
1,(x,u˜)
s ) dWs.
(46)
Item (i) therefore ensures for all x, u, u˜ ∈ H , λ ∈ R, t ∈ [0, T ] that
[X
1,(x,u+λu˜)
t ]P,B(H) = [X
1,(x,u)
t + λX
1,(x,u˜)
t ]P,B(H). (47)
This proves (42) in the base case k = 1. For the induction step {1, 2, . . . , n − 1} ∋ k → k + 1 ∈
{2, 3, . . . , n} of item (ii) and (42) assume that there exists a natural number k ∈ {1, 2, . . . , n− 1}
such that item (ii) and (42) hold for k = 1, k = 2, . . . , k = k. This ensures that for all l ∈ {0, 1},
p ∈ [2,∞), δ ∈ Dk+1, u ∈ Hk+2 it holds that
Lˆδ,u,pk+1,l <∞. (48)
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This and Ho¨lder’s inequality imply that for all l ∈ {0, 1}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk+1) ∈ Dk+1,
u = (u0, u1, . . . , uk+1) ∈ Hk+2, Y, Z ∈ Lp(P;H), t ∈ (0, T ] it holds that∥∥Guk+1,l(t, Y )−Guk+1,l(t, Z)∥∥Lp(P;Vl,rl) ≤ |Gl|C1b(H,Vl,rl) ‖Y − Z‖Lp(P;H) (49)
and ∥∥Guk+1,l(t, 0)∥∥Lp(P;Vl,rl)
≤
∑
̟∈Π∗
k+1
∥∥G(#̟)l (X0,u0t )(X#I̟1 ,[u]̟1t , X#I̟2 ,[u]̟2t , . . . , X#I̟#̟ ,[u]̟#̟t )∥∥Lp(P;Vl,rl)
≤
∑
̟∈Π∗
k+1
|Gl|C#̟b (H,Vl,rl )
#̟∏
i=1
∥∥X#I̟i ,[u]̟it ∥∥Lp#̟ (P;H)
=
∑
̟∈Π∗
k+1
|Gl|C#̟b (H,Vl,rl )
t(δ1+δ2+...+δk+1)
(
#̟∏
i=1
t
ιδ
I̟
i ‖X#I̟i ,[u]
̟
i
t ‖Lp#̟ (P;H)
t
ιδ
I̟
i
−(δI̟
i,1
+δI̟
i,2
+...+δI̟
i,#I̟
i
)
)
=
∑
̟∈Π∗
k+1
|Gl|C#̟b (H,Vl,rl )
t(δ1+δ2+...+δk+1)
(
#̟∏
i=1
t
ιδ
I̟
i ‖X#I̟i ,[u]
̟
i
t ‖Lp#̟ (P;H) t1[2,∞)(#I̟i )min{1−α,1/2−β}
)
≤
∑
̟∈Π∗
k+1
|Gl|C#̟b (H,Vl,rl)
t(δ1+δ2+...+δk+1)
#̟∏
i=1
[
t
ιδ
I̟
i
∥∥X#I̟i ,[u]̟it ∥∥Lp#̟ (P;H) |T ∨ 1|1[2,∞)(#I̟i )min{1−α,1/2−β}
]
≤

 ∑
̟∈Π∗
k+1
|Gl|C#̟b (H,Vl,rl)
#̟∏
i=1
sup
s∈(0,T ]
[
s
ιδ
I̟
i ‖X#I̟i ,[u]
̟
i
s ‖Lp#̟ (P;H)
]
· |T ∨ 1|⌊(k+1)/2⌋min{1−α,1/2−β} t−(δ1+δ2+...+δk+1) = Lˆδ,u,pk+1,l t−(δ1+δ2+...+δk+1) <∞.
(50)
In addition, note that (34) and (38) ensure that for all u = (u0, u1, . . . , uk+1) ∈ Hk+2, t ∈ [0, T ] it
holds that
[Xk+1,ut ]P,B(H) =
∫ t
0
e(t−s)AGuk+1,0(s,X
k+1,u
s )ds+
∫ t
0
e(t−s)AGuk+1,1(s,X
k+1,u
s ) dWs. (51)
Combining (48)–(51) with items (i)–(ii) of Theorem 2.9 in [1] (with H = H , U = U , T = T ,
η = η, p = p, α = α, αˆ =
∑k+1
i=1 δi, β = β, βˆ =
∑k+1
i=1 δi, L0 = |F |C1b(H,H−α), Lˆ0 = Lˆ
δ,u,p
k+1,0, L1 =
|B|C1b(H,HS(U,H−β)), Lˆ1 = Lˆ
δ,u,p
k+1,1, W = W , A = A, F =
(
[0, T ]×Ω×H ∋ (t, ω, x) 7→ Guk+1,0(t, ω, x) ∈
H−α
)
, B =
(
[0, T ] × Ω × H ∋ (t, ω, x) 7→ (U ∋ u 7→ Guk+1,1(t, ω, x)u ∈ H−β) ∈ HS(U,H−β)
)
,
δ = −1/2, λ = ιδ
N
, ξ = (Ω ∋ ω 7→ 0 ∈ H) for u ∈ Hk+2, δ = (δ1, δ2, . . . , δk+1) ∈ Dk+1, p ∈ [2,∞) in
the notation of Theorem 2.9 in [1]) ensures that for all p ∈ [2,∞), δ = (δ1, δ2, . . . , δk+1) ∈ Dk+1,
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u ∈ Hk+2 it holds that
sup
t∈(0,T ]
[
tι
δ
N ‖Xk+1,ut ‖Lp(P;H)
] ≤ Θα,β,ιδNA,η,p,T (|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
[
χα,TA,η Lˆ
δ,u,p
k+1,0 T
max{β−α+1/2,0}
B
(
1− α, 1−∑k+1i=1 δi)
+ χβ,TA,η Lˆ
δ,u,p
k+1,1 T
max{α−β−1/2,0}
√
p (p−1)
2
∣∣
B
(
1− 2β, 1− 2∑k+1i=1 δi)∣∣1/2
]
≤ |T ∨ 1|(k+1)Θα,β,ιδNA,η,p,T (|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
∑
̟∈Π∗k+1
[
χα,TA,η B
(
1− α, 1−∑k+1i=1 δi) |F |C#̟b (H,H−α)
+ χβ,TA,η
√
p (p−1)
2
B
(
1− 2β, 1− 2∑k+1i=1 δi) |B|C#̟b (H,HS(U,H−β))
]
·
#̟∏
i=1
sup
t∈(0,T ]
[
t
ιδ
I̟
i ‖X#I̟i ,[u]
̟
i
t ‖Lp#̟ (P;H)
]
.
(52)
This implies that for all p ∈ [2,∞), δ = (δ1, δ2, . . . , δk+1) ∈ Dk+1 it holds that
sup
u=(u0,u1,...,uk+1)∈(×k+1i=0 H[i])
sup
t∈(0,T ]
[
tι
δ
N ‖Xk+1,ut ‖Lp(P;H)∏k+1
i=1 ‖ui‖H−δi
]
≤ max{T (k+1), 1}Θα,β,ιδNA,η,p,T (|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
∑
̟∈Π∗k+1
[
χα,TA,η B
(
1− α, 1−∑k+1i=1 δi) |F |C#̟b (H,H−α)
+ χβ,TA,η
√
p (p−1)
2
B
(
1− 2β, 1− 2∑k+1i=1 δi) |B|C#̟b (H,HS(U,H−β))
]
·
∏
I∈̟
sup
u=(ui)i∈I∪{0}∈(×i∈I∪{0}H[i])
sup
t∈(0,T ]
[
tι
δ
I ‖X#I ,ut ‖Lp#̟ (P;H)∏
i∈I ‖ui‖H−δi
]
.
(53)
This and the induction hypothesis imply item (ii) in the case k+1 and thus complete the induction
step for item (ii). In the next step we note that for all λ ∈ R, i ∈ {1, 2, . . . , k + 1}, ̟ ∈ Π∗k+1 and
all u(m) = (u0, u1, . . . , ui−1, u
(m)
i , ui+1, ui+2, . . . , uk+1) ∈ Hk+2, m ∈ {1, 2, 3}, with u(3)i = u(1)i +λu(2)i
it holds that there exists a unique natural number j ∈ {1, 2, . . . ,#̟} such that there exists a
natural number q ∈ {1, 2, . . . ,#I̟j } such that for all l ∈ {1, 2, . . . ,#̟} \ {j} it holds that
I̟j,q = i, [u
(1)]̟l = [u
(2)]̟l = [u
(3)]̟l , (54)
and
[u(3)]̟j = (u0, uI̟j,1, uI̟j,2, . . . , uI̟j,q−1, u
(1)
i + λu
(2)
i , uI̟j,q+1, uI̟j,q+2, . . . , uI̟j,#I̟
j
). (55)
In addition, observe that for all ̟ ∈ Π∗k+1, j ∈ {1, 2, . . . ,#̟} it holds that
#I̟j ∈ {1, 2, . . . , k}. (56)
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Moreover, observe that the induction hypothesis establishes that for all m ∈ {1, 2, . . . , k}, p ∈
[2,∞), x ∈ H , t ∈ [0, T ] it holds that
Hm ∋ u 7→ [Xm,(x,u)t ]P,B(H) ∈ Lp(P;H) (57)
is an m-linear function. Combining (54) and (55) with (56) hence assures that for all λ ∈ R, i ∈
{1, 2, . . . , k + 1}, ̟ ∈ Π∗k+1, t ∈ [0, T ] and all u(m) = (u0, u1, . . . , ui−1, u(m)i , ui+1, ui+2, . . . , uk+1) ∈
Hk+2, m ∈ {1, 2, 3}, with u(3)i = u(1)i + λu(2)i it holds that there exists a unique natural number
j ∈ {1, 2, . . . ,#̟} such that for all l ∈ {1, 2, . . . ,#̟} \ {j} it holds that
i ∈ I̟j , X
#I̟
l
,[u(1)]̟l
t = X
#I̟
l
,[u(2)]̟l
t = X
#I̟
l
,[u(3)]̟l
t , (58)
and
[X
#I̟
j
,[u(1)]̟j
t + λX
#I̟
j
,[u(2)]̟j
t ]P,B(H) = [X
#I̟
j
,[u(3)]̟j
t ]P,B(H). (59)
This shows that for all λ ∈ R, l ∈ {0, 1}, i ∈ {1, 2, . . . , k + 1}, t ∈ [0, T ] and all u(m) =
(u0, u1, . . . , ui−1, u
(m)
i , ui+1, ui+2, . . . , uk+1) ∈ Hk+2, m ∈ {1, 2, 3}, with u(3)i = u(1)i + λu(2)i it holds
that there exist j̟ ∈ {1, 2, . . . ,#̟}, ̟ ∈ Π∗k+1, such that[
Gu
(3)
k+1,l(t, X
k+1,u(1)
t + λX
k+1,u(2)
t )
]
P,B(Vl,0)
=
[
G′l(X
0,u0
t )(X
k+1,u(1)
t + λX
k+1,u(2)
t ) +
∑
̟∈Π∗
k+1
G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[u(1)]̟1
t , X
#I̟
2
,[u(1)]̟2
t , . . . ,
X
#I̟
j̟−1
,[u(1)]̟j̟−1
t , X
#I̟
j̟
,[u(3)]̟j̟
t , X
#I̟
j̟+1
,[u(1)]̟j̟+1
t , X
#I̟
j̟+2
,[u(1)]̟j̟+2
t , . . . , X
#I̟
#̟
,[u(1)]̟#̟
t
)]
P,B(Vl,0)
=
[
G′l(X
0,u0
t )(X
k+1,u(1)
t + λX
k+1,u(2)
t ) +
∑
̟∈Π∗
k+1
G
(#̟)
l (X
0,u0
t )
(
X
#I̟1
,[u(1)]̟1
t , X
#I̟2
,[u(1)]̟2
t , . . . ,
X
#I̟
j̟−1
,[u(1)]̟j̟−1
t , X
#I̟
j̟
,[u(1)]̟j̟
t + λX
#I̟
j̟
,[u(2)]̟j̟
t , X
#I̟
j̟+1
,[u(1)]̟j̟+1
t , X
#I̟
j̟+2
,[u(1)]̟j̟+2
t , . . . ,
X
#I̟
#̟
,[u(1)]̟#̟
t
)]
P,B(Vl,0)
=
[
Gu
(1)
k+1,l(t, X
k+1,u(1)
t ) + λG
u(2)
k+1,l(t, X
k+1,u(2)
t )
]
P,B(Vl,0).
(60)
This, (51), and Lemma 3.1 in Jentzen & Pusˇnik [15] (with (Ω,F , µ) = (Ω,F ,P), T = t, Y (ω, s) =∥∥e(t−s)AGu(3)k+1,l(s, ω,Xk+1,u(1)s (ω)+λXk+1,u(2)s (ω))− e(t−s)AGu(1)k+1,l(s, ω,Xk+1,u(1)s (ω))−λe(t−s)AGu(2)k+1,l
(s, ω,Xk+1,u
(2)
s (ω))
∥∥(l+1)
Vl,0
, Z(ω, s) = 0 for s ∈ [0, t], t ∈ (0, T ], ω ∈ Ω, l ∈ {0, 1}, u(3) =
(u0, u1, . . . , ui−1, u
(1)
i +λu
(2)
i , ui+1, ui+2, . . . , uk+1), u
(2) = (u0, u1, . . . , ui−1, u
(2)
i , ui+1, ui+2, . . . , uk+1),
u(1) = (u0, u1, . . . , ui−1, u
(1)
i , ui+1, ui+2, . . . , uk+1) ∈ Hk+2, i ∈ {1, 2, . . . , k + 1}, λ ∈ R in the no-
tation of Lemma 3.1 in Jentzen & Pusˇnik [15]) prove that for all λ ∈ R, i ∈ {1, 2, . . . , k + 1},
t ∈ [0, T ] and all u(m) = (u0, u1, . . . , ui−1, u(m)i , ui+1, ui+2, . . . , uk+1) ∈ Hk+2, m ∈ {1, 2, 3}, with
u
(3)
i = u
(1)
i + λu
(2)
i it holds that
[Xk+1,u
(1)
t + λX
k+1,u(2)
t ]P,B(H) =
∫ t
0
e(t−s)AGu
(3)
k+1,0(s,X
k+1,u(1)
s + λX
k+1,u(2)
s )ds
+
∫ t
0
e(t−s)AGu
(3)
k+1,1(s,X
k+1,u(1)
s + λX
k+1,u(2)
s ) dWs.
(61)
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This and item (i) imply for all λ ∈ R, i ∈ {1, 2, . . . , k+1}, t ∈ [0, T ] and all u(m) = (u0, u1, . . . , ui−1,
u
(m)
i , ui+1, ui+2, . . . , uk+1) ∈ Hk+2, m ∈ {1, 2, 3}, with u(3)i = u(1)i + λu(2)i that
[Xk+1,u
(3)
t ]P,B(H) = [X
k+1,u(1)
t + λX
k+1,u(2)
t ]P,B(H). (62)
This proves (42) in the case k+1 and hence completes the induction step for (42). Induction thus
completes the proof of item (ii) and (42).
Combining (42) with item (ii) establishes item (iii). Next we prove item (iv). We first
note that item (ii) implies that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ (0,∞), δ ∈ Dk,
̟ ∈ P(P({1, 2, . . . , k}) \ {∅}), u ∈ Hk+1 it holds that
Lδ̟,p + Lˆ
δ,u,p
k,l <∞. (63)
We next apply the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [8],
(43), (44), (49), (50), (51), and Proposition 2.7 in [1] (with H = H , U = U , T = T , η = η, p = p,
α = α, αˆ = 0, β = β, βˆ = 0, L0 = |F |C1b(H,H−α), Lˆ0 = Lˆ
0k,y,p
k,0 , L1 = |B|C1b(H,HS(U,H−β)), Lˆ1 = Lˆ
0k,y,p
k,1 ,
W = W , A = A, F =
(
[0, T ]× Ω ×H ∋ (t, ω, z) 7→ Gyk,0(t, ω, z) ∈ H−α
)
, B =
(
[0, T ]× Ω ×H ∋
(t, ω, z) 7→ (U ∋ u 7→ Gyk,1(t, ω, z)u ∈ H−β) ∈ HS(U,H−β)
)
, δ = 0, Y 1 = Xk,x, Y 2 = Xk,y,
λ = λ for x = (x, u1, u2, . . . , uk), y = (y, u1, u2, . . . , uk) ∈ Hk+1, λ ∈ (−∞, 1/2), p ∈ [2,∞),
k ∈ {1, 2, . . . , n} in the notation of Proposition 2.7 in [1]) to obtain that for all k ∈ {1, 2, . . . , n},
p ∈ [2,∞), λ ∈ (−∞, 1/2), x = (x, u1, u2, . . . , uk), y = (y, u1, u2, . . . , uk) ∈ Hk+1 it holds that
sup
t∈(0,T ]
tλ
∥∥Xk,xt −Xk,yt ∥∥Lp(P;H) ≤ Θα,β,λA,η,p,T(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
· sup
t∈(0,T ]
[
tλ
∥∥∥∥
∫ t
0
e(t−s)A
(
Gxk,0(s,X
k,x
s )−Gyk,0(s,Xk,xs )
)
ds
+
∫ t
0
e(t−s)A
(
Gxk,1(s,X
k,x
s )−Gyk,1(s,Xk,xs )
)
dWs
∥∥∥∥
Lp(P;H)
]
≤ Θα,β,λA,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
[
sup
t∈(0,T ]
{
tλ χα,TA,η
∫ t
0
‖Gxk,0(s,Xk,xs )−Gyk,0(s,Xk,xs )‖Lp(P;H−α)
(t−s)α ds
}
+ sup
t∈(0,T ]
{
tλ χβ,TA,η
[
p (p−1)
2
∫ t
0
‖Gxk,1(s,Xk,xs )−Gyk,1(s,Xk,xs )‖2Lp(P;HS(U,H−β))
(t−s)2β ds
]1/2}]
.
(64)
Moreover, observe that (38) ensures that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, x = (x, u1, u2, . . . , uk),
y = (y, u1, u2, . . . , uk) ∈ Hk+1, t ∈ [0, T ] it holds that
Gxk,l(t, X
k,x
t )−Gyk,l(t, Xk,xt ) =
(
G′l(X
0,x
t )−G′l(X0,yt )
)
Xk,xt
+
∑
̟∈Π∗k
[(
G
(#̟)
l (X
0,x
t )−G(#̟)l (X0,yt )
)(
X
#I̟1
,[y]̟1
t , X
#I̟2
,[y]̟2
t , . . . , X
#I̟
#̟
,[y]̟#̟
t
)
+
∑#̟
i=1G
(#̟)
l (X
0,x
t )
(
X
#I̟
1
,[x]̟1
t , X
#I̟
2
,[x]̟2
t , . . . , X
#I̟
i−1
,[x]̟i−1
t , X
#I̟
i
,[x]̟i
t −X
#I̟
i
,[y]̟i
t ,
X
#I̟
i+1
,[y]̟i+1
t , X
#I̟
i+2
,[y]̟i+2
t , . . . , X
#I̟
#̟
,[y]̟#̟
t
)]
.
(65)
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Next note that Ho¨lder’s inequality ensures that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ [2,∞),
δ = (δ1, δ2, . . . , δk) ∈ Dk, ̟ ∈ Πk, x ∈ H , y = (y, u1, u2, . . . , uk) ∈ ×ki=0H [i], t ∈ (0, T ] it holds that∥∥(G(#̟)l (X0,xt )−G(#̟)l (X0,yt ))(X#I̟1 ,[y]̟1t , X#I̟2 ,[y]̟2t , . . . , X#I̟#̟ ,[y]̟#̟t )∥∥Lp(P;Vl,rl)∏k
i=1 ‖ui‖H−δi
≤ ∥∥G(#̟)l (X0,xt )−G(#̟)l (X0,yt )∥∥Lp(#̟+1)(P;L(#̟)(H,Vl,rl))
#̟∏
i=1
‖X#I̟i ,[y]
̟
i
t ‖Lp(#̟+1)(P;H)[∏#I̟
i
m=1 ‖uI̟i,m‖H−δI̟
i,m
]
=
∥∥G(#̟)l (X0,xt )−G(#̟)l (X0,yt )∥∥Lp(#̟+1)(P;L(#̟)(H,Vl,rl ))
[∏
I∈̟
1
tι
δ
I
]
#̟∏
i=1
t
ιδ
I̟
i ‖X#I̟i ,[y]
̟
i
t ‖Lp(#̟+1)(P;H)[∏#I̟
i
m=1 ‖uI̟i,m‖H−δI̟
i,m
]
≤ |T ∨ 1|
⌊k/2⌋min{1−α,1/2−β}
t(δ1+δ2+...+δk)
Lδ̟, p(#̟+1)
∥∥G(#̟)l (X0,xt )−G(#̟)l (X0,yt )∥∥Lp(#̟+1)(P;L(#̟)(H,Vl,rl )).
(66)
In addition, Ho¨lder’s inequality establishes that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ [2,∞),
γ ∈ [0,∞), δ = (δ1, δ2, . . . , δk) ∈ Dk, ̟ ∈ Π∗k, j ∈ {1, 2, . . . ,#̟}, x = (x, u1, u2, . . . , uk), y =
(y, u1, u2, . . . , uk) ∈ ×ki=0H [i], t ∈ (0, T ] it holds that
1∏k
i=1 ‖ui‖H−δi
∥∥G(#̟)l (X0,xt )(X#I̟1 ,[x]̟1t , X#I̟2 ,[x]̟2t , . . . , X#I̟j−1 ,[x]̟j−1t , X#I̟j ,[x]̟jt −X#I̟j ,[y]̟jt ,
X
#I̟
j+1
,[y]̟j+1
t , X
#I̟
j+2
,[y]̟j+2
t , . . . , X
#I̟
#̟
,[y]̟#̟
t
)∥∥
Lp(P;Vl,rl)
≤ |Gl|C#̟b (H,Vl,rl )
[
j−1∏
i=1
‖X#I̟i ,[x]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
m=1 ‖uI̟i,m‖H−δI̟
i,m
][
#̟∏
i=j+1
‖X#I̟i ,[y]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
m=1 ‖uI̟i,m‖H−δI̟
i,m
]
· ‖X
#I̟
j
,[x]̟j
t −X
#I̟
j
,[y]̟j
t ‖Lp#̟ (P;H)∏#I̟
j
m=1 ‖uI̟j,m‖H−δI̟
j,m
= |Gl|C#̟b (H,Vl,rl)
[
1
t
γ+ι
(δ,0)
I̟
j
∪{k+1}
∏
I∈̟\{I̟j }
1
tι
δ
I
][
j−1∏
i=1
t
ιδ
I̟
i ‖X#I̟i ,[x]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
m=1 ‖uI̟i,m‖H−δI̟
i,m
]
·
[
#̟∏
i=j+1
t
ιδ
I̟
i ‖X#I̟i ,[y]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
m=1 ‖uI̟i,m‖H−δI̟
i,m
]
t
γ+ι
(δ,0)
I̟
j
∪{k+1}‖X#I
̟
j
,[x]̟j
t −X
#I̟
j
,[y]̟j
t ‖Lp#̟ (P;H)∏#I̟
j
m=1 ‖uI̟j,m‖H−δI̟
j,m
≤ |T ∨ 1|
⌈k/2⌉min{1−α,1/2−β}
t(γ+δ1+δ2+...+δk)
sup
v=(vi)i∈I̟
j
∈(H\{0})
#I̟
j
sup
s∈(0,T ]
{
|Gl|C#̟b (H,Vl,rl) L
δ
̟\{I̟j }, p#̟
· s
γ+ι
(δ,0)
I̟
j
∪{k+1}‖X#I
̟
j
,(x,v)
s −X
#I̟
j
,(y,v)
s ‖Lp#̟ (P;H)∏
i∈I̟j ‖vi‖H−δi
}
.
(67)
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Combining (65)–(67) yields that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ [2,∞), γ ∈ [0,∞),
δ = (δ1, δ2, . . . , δk) ∈ Dk, x = (x, u1, u2, . . . , uk), y = (y, u1, u2, . . . , uk) ∈ ×ki=0H [i], t ∈ (0, T ] it
holds that
‖Gxk,l(t, Xk,xt )−Gyk,l(t, Xk,xt )‖Lp(P;Vl,rl)∏k
i=1 ‖ui‖H−δi
≤ |T ∨ 1|
⌈k/2⌉min{1−α,1/2−β}
t(δ1+δ2+...+δk)
·
( ∑
̟∈Πk
[
Lδ̟, p(#̟+1)
∥∥G(#̟)l (X0,xt )−G(#̟)l (X0,yt )∥∥Lp(#̟+1)(P;L(#̟)(H,Vl,rl))
]
+
1
tγ
∑
̟∈Π∗
k
∑
I∈̟
sup
v=(vi)i∈I∈(H\{0})#I
sup
s∈(0,T ]
{
|Gl|C#̟b (H,Vl,rl ) L
δ
̟\{I}, p#̟
· s
γ+ι
(δ,0)
I∪{k+1}‖X#I ,(x,v)s −X#I ,(y,v)s ‖Lp#̟ (P;H)∏
i∈I ‖vi‖H−δi
})
.
(68)
This and Minkowski’s inequality imply that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ [2,∞), δ =
(δ1, δ2, . . . , δk) ∈ Dk, γ ∈ [0, 1/2−
∑k
i=1 δi), x = (x, u1, u2, . . . , uk), y = (y, u1, u2, . . . , uk) ∈ ×ki=0H [i],
t ∈ (0, T ] it holds that[∫ t
0
(
‖Gxk,l(s,Xk,xs )−Gyk,l(s,Xk,xs )‖Lp(P;Vl,rl)
(t− s)rl∏ki=1 ‖ui‖H−δi
)(l+1)
ds
]1/(l+1)
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}
·
[∫ t
0
( ∑
̟∈Πk
Lδ̟, p(#̟+1) ‖G
(#̟)
l (X
0,x
s )−G(#̟)l (X0,ys )‖Lp(#̟+1)(P;L(#̟)(H,Vl,rl))
s(δ1+δ2+...+δk) (t− s)rl
+
∑
̟∈Π∗
k
∑
I∈̟
1
s(γ+δ1+δ2+...+δk) (t− s)rl supv=(vi)i∈I∈(H\{0})#I
sup
w∈(0,T ]
{
|Gl|C#̟b (H,Vl,rl ) L
δ
̟\{I}, p#̟
· w
γ+ι
(δ,0)
I∪{k+1}‖X#I ,(x,v)w −X#I ,(y,v)w ‖Lp#̟ (P;H)∏
i∈I ‖vi‖H−δi
})(l+1)
ds
]1/(l+1)
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}
·
( ∑
̟∈Πk
Lδ̟, p(#̟+1)
[∫ t
0
(‖G(#̟)l (X0,xs )−G(#̟)l (X0,ys )‖Lp(#̟+1)(P;L(#̟)(H,Vl,rl ))
s(δ1+δ2+...+δk) (t− s)rl
)(l+1)
ds
]1/(l+1)
+
∑
̟∈Π∗k
∑
I∈̟
t(
1/(l+1)−rl−γ−
∑k
i=1 δi)
[
B
(
1− (l + 1)rl, 1− (l + 1)(γ +
∑k
i=1 δi)
)]1/(l+1)
· sup
v=(vi)i∈I∈(H\{0})#I
sup
w∈(0,T ]
{
|Gl|C#̟b (H,Vl,rl) L
δ
̟\{I}, p#̟
w
γ+ι
(δ,0)
I∪{k+1}‖X#I ,(x,v)w −X#I ,(y,v)w ‖Lp#̟ (P;H)∏
i∈I ‖vi‖H−δi
})
.
(69)
Hence, we obtain that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈ Dk,
λ ∈ [ι(δ,0)
N
, 1/2), γ ∈ [0, λ− ι(δ,0)
N
] ∩ [0, 1/2−∑ki=1 δi), x = (x, u1, u2, . . . , uk), y = (y, u1, u2, . . . , uk) ∈
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×ki=0H [i] it holds that
sup
t∈(0,T ]
{
tλ χrl,TA,η
[
p (p−1)
2
]l/2 [∫ t
0
(
‖Gxk,l(s,Xk,xs )−Gyk,l(s,Xk,xs )‖Lp(P;Vl,rl)
(t− s)rl∏ki=1 ‖ui‖H−δi
)(l+1)
ds
]1/(l+1)}
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}
( ∑
̟∈Πk
Lδ̟, p(#̟+1) χ
rl,T
A,η
· sup
t∈(0,T ]
{
tλ
[
p (p−1)
2
]l/2 [∫ t
0
‖G(#̟)l (X0,xs )−G(#̟)l (X0,ys )‖(l+1)Lp(#̟+1)(P;L(#̟)(H,Vl,rl ))
s(l+1)(δ1+δ2+...+δk) (t− s)(l+1)rl ds
]1/(l+1)}
+
∑
̟∈Π∗k
∑
I∈̟
χrl,TA,η T
(λ+1/(l+1)−rl−γ−
∑k
i=1 δi)
[
p (p−1)
2
]l/2 [
B
(
1− (l + 1)rl, 1− (l + 1)(γ +
∑k
i=1 δi)
)]1/(l+1)
· sup
v=(vi)i∈I∈(H\{0})#I
sup
w∈(0,T ]
{
|Gl|C#̟b (H,Vl,rl) L
δ
̟\{I}, p#̟
w
γ+ι
(δ,0)
I∪{k+1}‖X#I ,(x,v)w −X#I ,(y,v)w ‖Lp#̟ (P;H)∏
i∈I ‖vi‖H−δi
})
.
(70)
This shows that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈ Dk, λ ∈ [ι(δ,0)
N
, 1/2),
γ ∈ [0, λ− ι(δ,0)
N
] ∩ [0, 1/2−∑ki=1 δi), x, y ∈ H it holds that
1∑
l=0
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
{
tλ χrl,TA,η
[
p (p−1)
2
]l/2
·
[∫ t
0
(
‖G(x,u)k,l (s,Xk,(x,u)s )−G(y,u)k,l (s,Xk,(x,u)s )‖Lp(P;Vl,rl)
(t− s)rl∏ki=1 ‖ui‖H−δi
)(l+1)
ds
]1/(l+1)}
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}
·
( ∑
̟∈Πk
Lδ̟,p(#̟+1)
[
χα,TA,η sup
t∈(0,T ]
{
tλ
∫ t
0
‖F (#̟)(X0,xs )−F (#̟)(X0,ys )‖Lp(#̟+1)(P;L(#̟)(H,H−α))
(t−s)α s(δ1+δ2+...+δk) ds
}
+ χβ,TA,η sup
t∈(0,T ]
{
tλ
[
p (p−1)
2
∫ t
0
‖B(#̟)(X0,xs )−B(#̟)(X0,ys )‖2
Lp(#̟+1)(P;L(#̟)(H,HS(U,H−β)))
(t−s)2β s2(δ1+δ2+...+δk) ds
]1/2}]
+
∑
̟∈Π∗
k
∑
I∈̟
sup
u=(ui)i∈I∈(H\{0})#I
sup
t∈(0,T ]
{
Lδ̟\{I},p#̟
t
γ+ι
(δ,0)
I∪{k+1}‖X#I ,(x,u)t −X
#I ,(y,u)
t ‖Lp#̟ (P;H)∏
i∈I ‖ui‖H−δi
·
[
χα,TA,η T
(λ+1−α−γ−∑ki=1 δi) |F |C#̟b (H,H−α) B
(
1− α, 1− γ −∑ki=1 δi)
+ χβ,TA,η T
(λ+1/2−β−γ−∑ki=1 δi) |B|C#̟b (H,HS(U,H−β))
√
p (p−1)
2
B
(
1− 2β, 1− 2γ − 2∑ki=1 δi)
]})
.
(71)
Combining (64) with (71) yields that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈ Dk,
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λ ∈ [ι(δ,0)
N
, 1/2), γ ∈ [0, λ− ι(δ,0)
N
] ∩ [0, 1/2−∑ki=1 δi), x, y ∈ H it holds that
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
tλ ‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)∏k
i=1 ‖ui‖H−δi
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}Θα,β,λA,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
( ∑
̟∈Πk
Lδ̟,p(#̟+1)
[
χα,TA,η sup
t∈(0,T ]
{
tλ
∫ t
0
‖F (#̟)(X0,xs )−F (#̟)(X0,ys )‖Lp(#̟+1)(P;L(#̟)(H,H−α))
(t−s)α s(δ1+δ2+...+δk) ds
}
+ χβ,TA,η sup
t∈(0,T ]
{
tλ
[
p (p−1)
2
∫ t
0
‖B(#̟)(X0,xs )−B(#̟)(X0,ys )‖2
Lp(#̟+1)(P;L(#̟)(H,HS(U,H−β)))
(t−s)2β s2(δ1+δ2+...+δk) ds
]1/2}]
+
∑
̟∈Π∗
k
∑
I∈̟
sup
u=(ui)i∈I∈(H\{0})#I
sup
t∈(0,T ]
{
Lδ̟\{I},p#̟
t
γ+ι
(δ,0)
I∪{k+1}‖X#I ,(x,u)t −X
#I ,(y,u)
t ‖Lp#̟ (P;H)∏
i∈I ‖ui‖H−δi
·
[
χα,TA,η T
(λ+1−α−γ−∑ki=1 δi) |F |C#̟b (H,H−α) B
(
1− α, 1− γ −∑ki=1 δi)
+ χβ,TA,η T
(λ+1/2−β−γ−∑ki=1 δi) |B|C#̟b (H,HS(U,H−β))
√
p (p−1)
2
B
(
1− 2β, 1− 2γ − 2∑ki=1 δi)
]})
.
(72)
In particular, this shows that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈ Dk, x, y ∈ H
it holds that
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
tι
(δ,0)
N ‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)∏k
i=1 ‖ui‖H−δi
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}Θα,β,ι
(δ,0)
N
A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
( ∑
̟∈Πk
Lδ̟,p(#̟+1)
[
χα,TA,η sup
t∈(0,T ]
{
tι
(δ,0)
N
∫ t
0
‖F (#̟)(X0,xs )−F (#̟)(X0,ys )‖Lp(#̟+1)(P;L(#̟)(H,H−α))
(t−s)α s(δ1+δ2+...+δk) ds
}
+ χβ,TA,η sup
t∈(0,T ]
{
tι
(δ,0)
N
[
p (p−1)
2
∫ t
0
‖B(#̟)(X0,xs )−B(#̟)(X0,ys )‖2
Lp(#̟+1)(P;L(#̟)(H,HS(U,H−β)))
(t−s)2β s2(δ1+δ2+...+δk) ds
]1/2}]
+
∑
̟∈Π∗
k
∑
I∈̟
sup
u=(ui)i∈I∈(H\{0})#I
sup
t∈(0,T ]
{
Lδ̟\{I},p#̟
t
ι
(δ,0)
I∪{k+1}‖X#I ,(x,u)t −X
#I ,(y,u)
t ‖Lp#̟ (P;H)∏
i∈I ‖ui‖H−δi
·
[
χα,TA,η T
(ι
(δ,0)
N
+1−α−∑ki=1 δi) |F |C#̟b (H,H−α) B
(
1− α, 1−∑ki=1 δi)
+ χβ,TA,η T
(ι
(δ,0)
N
+1/2−β−∑ki=1 δi) |B|C#̟b (H,HS(U,H−β))
√
p (p−1)
2
B
(
1− 2β, 1− 2∑ki=1 δi)
]})
.
(73)
Furthermore, we note that Corollary 2.8 in [1] (with H = H , U = U , T = T , η = η, p = p,
α = α, αˆ = 0, β = β, βˆ = 0, L0 = |F |C1b(H,H−α), Lˆ0 = ‖F (0)‖H−α, L1 = |B|C1b(H,HS(U,H−β)),
Lˆ1 = ‖B(0)‖HS(U,H−β), W = W , A = A, F =
(
[0, T ] × Ω × H ∋ (t, ω, z) 7→ F (z) ∈ H−α
)
,
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B =
(
[0, T ] × Ω × H ∋ (t, ω, z) 7→ (U ∋ u 7→ B(z)u ∈ H−β) ∈ HS(U,H−β)
)
, δ = 0, X1 = X0,x,
X2 = X0,y, λ = 0 for x, y ∈ H , p ∈ [2,∞) in the notation of Corollary 2.8 in [1]) and (34) show
that for all p ∈ [2,∞), x, y ∈ H it holds that
sup
t∈(0,T ]
‖X0,xt −X0,yt ‖Lp(P;H) ≤ χ0,TA,η ‖x− y‖H Θα,β,0A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β))) <∞. (74)
This implies that for all k ∈ {1, 2, . . . , n}, m ∈ {1, 2, . . . , k}, p ∈ [2,∞), l ∈ {0, 1}, δ =
(δ1, δ2, . . . , δk) ∈ Dk, x, y ∈ H , t ∈ (0, T ] with x 6= y it holds that
tι
(δ,0)
N
[∫ t
0
‖G(m)
l
(X0,xs )−G(m)l (X0,ys )‖
(l+1)
Lp(P;L(m)(H,Vl,rl
))
(t−s)(l+1)rl s(l+1)(δ1+δ2+...+δk) ds
]1/(l+1)
≤ tι(δ,0)N
[∫ t
0
1
(t−s)(l+1)rl s(l+1)(δ1+δ2+...+δk) ds
]1/(l+1)
· sup
s∈(0,T ]
‖G(m)l (X0,xs )−G(m)l (X0,ys )‖Lp(P;L(m)(H,Vl,rl ))
≤ T (1/(l+1)−rl−min{1−α,1/2−β}) ∣∣B(1− (l + 1)rl, 1− (l + 1)∑ki=1 δi)∣∣1/(l+1)
· sup
s∈(0,T ]
‖G(m)l (X0,xs )−G(m)l (X0,ys )‖Lp(P;L(m)(H,Vl,rl ))
≤ T (1/(l+1)−rl−min{1−α,1/2−β}) ∣∣B(1− (l + 1)rl, 1− (l + 1)∑ki=1 δi)∣∣1/(l+1)
· |Gl|Lipm(H,Vl,rl) sup
s∈(0,T ]
‖X0,xs −X0,ys ‖Lp(P;H)
≤ T (1/(l+1)−rl−min{1−α,1/2−β})Θα,β,0A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
· ∣∣B(1− (l + 1)rl, 1− (l + 1)∑ki=1 δi)∣∣1/(l+1) χ0,TA,η |Gl|Lipm(H,Vl,rl ) ‖x− y‖H.
(75)
Combining this with (73) establishes that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈
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Dk with |F |Lipk(H,H−α) + |B|Lipk(H,HS(U,H−β)) <∞ it holds that
sup
x,y∈H,
x 6=y
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
[
tι
(δ,0)
N ‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)
‖x− y‖H
∏k
i=1 ‖ui‖H−δi
]
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}Θα,β,ι
(δ,0)
N
A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
( ∑
̟∈Πk
Lδ̟,p(#̟+1) χ
0,T
A,ηΘ
α,β,0
A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
[
χα,TA,η T
(1−α−min{1−α,1/2−β}) |F |Lip#̟ (H,H−α) B
(
1− α, 1−∑ki=1 δi)
+ χβ,TA,η T
(1/2−β−min{1−α,1/2−β}) |B|Lip#̟ (H,HS(U,H−β))
√
p (p−1)
2
B
(
1− 2β, 1− 2∑ki=1 δi)
]
+
∑
̟∈Π∗
k
∑
I∈̟
sup
x,y∈H,
x 6=y
sup
u=(ui)i∈I∈(H\{0})#I
sup
t∈(0,T ]
{
Lδ̟\{I},p#̟
t
ι
(δ,0)
I∪{k+1}‖X#I ,(x,u)t −X
#I ,(y,u)
t ‖Lp#̟ (P;H)
‖x−y‖H
∏
i∈I ‖ui‖H−δi
·
[
χα,TA,η T
(1−α−min{1−α,1/2−β}) |F |C#̟b (H,H−α) B
(
1− α, 1−∑ki=1 δi)
+ χβ,TA,η T
(1/2−β−min{1−α,1/2−β}) |B|C#̟b (H,HS(U,H−β))
√
p (p−1)
2
B
(
1− 2β, 1− 2∑ki=1 δi)
]})
.
(76)
Induction and (63) hence imply that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), δ = (δ1, δ2, . . . , δk) ∈ Dk
22
with |F |Lipk(H,H−α) + |B|Lipk(H,HS(U,H−β)) <∞ it holds that
sup
x,y∈H,
x 6=y
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
[
tι
(δ,0)
N ‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)
‖x− y‖H
∏k
i=1 ‖ui‖H−δi
]
≤ |T ∨ 1|kΘα,β,ι
(δ,0)
N
A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
( ∑
̟∈Πk
Lδ̟,p(#̟+1) χ
0,T
A,ηΘ
α,β,0
A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
[
χα,TA,η |F |Lip#̟ (H,H−α) B
(
1− α, 1−∑ki=1 δi)
+ χβ,TA,η |B|Lip#̟ (H,HS(U,H−β))
√
p (p−1)
2
B
(
1− 2β, 1− 2∑ki=1 δi)
]
+
∑
̟∈Π∗
k
∑
I∈̟
Lδ̟\{I},p#̟ sup
x,y∈H,
x 6=y
sup
u=(ui)i∈I∈(H\{0})#I
sup
t∈(0,T ]
[
t
ι
(δ,0)
I∪{k+1}‖X#I ,(x,u)t −X
#I ,(y,u)
t ‖Lp#̟ (P;H)
‖x−y‖H
∏
i∈I ‖ui‖H−δi
]
·
[
χα,TA,η |F |C#̟b (H,H−α) B
(
1− α, 1−∑ki=1 δi)
+ χβ,TA,η |B|C#̟b (H,HS(U,H−β))
√
p (p−1)
2
B
(
1− 2β, 1− 2∑ki=1 δi)
])
<∞.
(77)
This implies (14) and thus completes the proof of item (iv). To prove item (v) we first observe
that (74) ensures that for all x ∈ H , t ∈ [0, T ] it holds that
lim supH∋y→x E
[
min{1, ‖X0,xt −X0,yt ‖H}
]
= 0. (78)
This implies for all x ∈ H , ρ ∈ [0, 1], t ∈ [0, T ] that
lim supH∋y→x E
[
min{1, ‖(X0,xt + ρ[X0,yt −X0,xt ])−X0,xt ‖H}
]
= 0. (79)
The fact that ∀ k ∈ {1, 2, . . . , n}, l ∈ {0, 1} : G(k)l ∈ C(H,L(k)(H, Vl,0)), e.g., Lemma 4.2 in Hutzen-
thaler et al. [13], and, e.g., item (ii) of Theorem 6.12 in Klenke [16] hence ensure that for all
k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, x ∈ H , ρ ∈ [0, 1], t ∈ [0, T ], (xm)m∈N0 ⊆ H with lim supm→∞ ‖xm −
x0‖H = 0 it holds that
lim supm→∞ E
[
min{1, ‖G(k)l (X0,x0t + ρ[X0,xmt −X0,x0t ])−G(k)l (X0,x0t )‖L(k)(H,Vl,0)}
]
= 0. (80)
Combining this and, e.g., Lemma 4.2 in Hutzenthaler et al. [13] (with I = {∅}, c = 1, Xm(∅, ω) =
‖G(k)l (X0,xt (ω) + ρ[X0,xmt (ω)−X0,xt (ω)])−G(k)l (X0,xt (ω))‖L(k)(H,Vl,0) for ω ∈ Ω, t ∈ [0, T ], ρ ∈ [0, 1],
l ∈ {0, 1}, k ∈ {1, 2, . . . , n}, (xj)j∈N ∈ {y ∈M(N, H) : lim supj→∞ ‖yj − x‖H = 0}, m ∈ N, x ∈ H
in the notation of Lemma 4.2 in Hutzenthaler et al. [13]) establishes that for all ε ∈ (0,∞), k ∈
{1, 2, . . . , n}, l ∈ {0, 1}, x ∈ H , ρ ∈ [0, 1], t ∈ [0, T ], (xm)m∈N ⊆ H with lim supm→∞ ‖xm−x‖H = 0
it holds that
lim supm→∞ P
({
ω ∈ Ω: ‖G(k)l (X0,xt (ω) + ρ[X0,xmt (ω)−X0,xt (ω)])
−G(k)l (X0,xt (ω))‖L(k)(H,Vl,0) ≥ ε
})
= 0. (81)
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This, the fact that ∀ k ∈ {1, 2, . . . , n}, l ∈ {0, 1} : supx∈H ‖G(k)l (x)‖L(k)(H,Vl,0) < ∞, and, e.g.,
Proposition 4.5 in Hutzenthaler et al. [13] (with I = {∅}, p = p, V = R,Xm(∅, ω) = ‖G(k)l (X0,x0t (ω)+
ρ[X0,xmt (ω) − X0,x0t (ω)]) − G(k)l (X0,x0t (ω))‖L(k)(H,Vl,0) for ω ∈ Ω, t ∈ [0, T ], ρ ∈ [0, 1], p ∈ (0,∞),
l ∈ {0, 1}, k ∈ {1, 2, . . . , n}, (xj)j∈N0 ∈ {y ∈ M(N0, H) : lim supj→∞ ‖yj − y0‖H = 0}, m ∈ N0 in
the notation of Proposition 4.5 in Hutzenthaler et al. [13]) ensure that for all k ∈ {1, 2, . . . , n},
l ∈ {0, 1}, p ∈ (0,∞), ρ ∈ [0, 1], t ∈ [0, T ], (xm)m∈N0 ⊆ H with lim supm→∞ ‖xm − x0‖H = 0 it
holds that
lim supm→∞ E
[∥∥G(k)l (X0,x0t + ρ[X0,xmt −X0,x0t ])−G(k)l (X0,x0t )∥∥pL(k)(H,Vl,0)
]
= 0. (82)
Combining Ho¨lder’s inequality and Lebesgue’s theorem of dominated convergence with (82) (with
ρ = 1 in the notation of (82)) yields that for all k ∈ {1, 2, . . . , n}, l ∈ {0, 1}, p ∈ [2,∞), q ∈
(1, 1
max{α,2β,1/2}), λ ∈ [max{α− 1/q, β − 1/(2q)},∞), x ∈ H it holds that
lim sup
H∋y→x
sup
t∈(0,T ]
{
tλ
[ ∫ t
0
‖G(k)l (X0,xs )−G(k)l (X0,ys )‖(l+1)Lp(P;L(k)(H,Vl,rl))
(t− s)(l+1)rl ds
]1/(l+1)}
≤ lim sup
H∋y→x
sup
t∈(0,T ]
{
tλ
[∫ t
0
1
(t− s)q(l+1)rl ds
]1/[q(l+1)]
·
[ ∫ t
0
‖G(k)l (X0,xs )−G(k)l (X0,ys )‖q(l+1)/(q−1)Lp(P;L(k)(H,Vl,rl)) ds
](q−1)/[q(l+1)]}
= lim sup
H∋y→x
sup
t∈(0,T ]
{
t(λ+1/[q(l+1)]−rl)
[1− q(l + 1)rl]1/[q(l+1)]
·
[ ∫ t
0
‖G(k)l (X0,xs )−G(k)l (X0,ys )‖q(l+1)/(q−1)Lp(P;L(k)(H,Vl,rl)) ds
](q−1)/[q(l+1)]}
=
T (λ+1/[q(l+1)]−rl)
[1− q(l + 1)rl]1/[q(l+1)]
·
[
lim sup
H∋y→x
∫ T
0
‖G(k)l (X0,xs )−G(k)l (X0,ys )‖q(l+1)/(q−1)Lp(P;L(k)(H,Vl,rl)) ds
](q−1)/[q(l+1)]
= 0.
(83)
Moreover, observe that the fact that ∀ q ∈ (1, 1
max{α,2β,1/2}) : 0 < min{1/q− α, 1/(2q)− β} < min{1−
α, 1/2 − β} ≤ 1/2 and (72) (with k = k, p = p, δ = 0k, λ = −min{1/q − α, 1/(2q) − β}, γ =
min{1 − α, 1/2 − β} − min{1/q − α, 1/(2q) − β}, x = x, y = y for x, y ∈ H , q ∈ (1, 1
max{α,2β,1/2}),
p ∈ [2,∞), k ∈ {1, 2, . . . , n} in the notation of (72)) imply that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞),
24
q ∈ (1, 1
max{α,2β,1/2}), x, y ∈ H it holds that
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
[
‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)
tmin{1/q−α,1/(2q)−β}
∏k
i=1 ‖ui‖H
]
≤ |T ∨ 1|⌈k/2⌉min{1−α,1/2−β}Θα,β,−min{1/q−α,1/(2q)−β}A,η,p,T
(|F |C1b(H,H−α), |B|C1b(H,HS(U,H−β)))
·
( ∑
̟∈Πk
L0k̟,p(#̟+1)
[
χα,TA,η sup
t∈(0,T ]
{
1
tmin{1/q−α,1/(2q)−β}
∫ t
0
‖F (#̟)(X0,xs )−F (#̟)(X0,ys )‖Lp(#̟+1)(P;L(#̟)(H,H−α))
(t−s)α ds
}
+ χβ,TA,η sup
t∈(0,T ]
{
1
tmin{1/q−α,1/(2q)−β}
[
p (p−1)
2
∫ t
0
‖B(#̟)(X0,xs )−B(#̟)(X0,ys )‖2
Lp(#̟+1)(P;L(#̟)(H,HS(U,H−β)))
(t−s)2β ds
]1/2}]
+
∑
̟∈Π∗
k
∑
I∈̟
sup
u=(ui)i∈I∈(H\{0})#I
sup
t∈(0,T ]
{
L0k̟\{I},p#̟
‖X#I ,(x,u)t −X#I ,(y,u)t ‖Lp#̟ (P;H)
tmin{1/q−α,1/(2q)−β}
∏
i∈I ‖ui‖H
·
[
χα,TA,η T
(1−α−min{1−α,1/2−β}) |F |C#̟b (H,H−α) B
(
1− α, 1−min{1− α, 1/2− β}+min{1/q − α, 1/(2q) − β})
+ χβ,TA,η T
(1/2−β−min{1−α,1/2−β}) |B|C#̟b (H,HS(U,H−β))
·
[
p (p−1)
2
B
(
1− 2β, 1− 2min{1− α, 1/2− β}+ 2min{1/q − α, 1/(2q) − β})]1/2]}
)
.
(84)
Induction and (83)–(84) hence ensure that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), q ∈ (1, 1
max{α,2β,1/2}),
x ∈ H it holds that
lim sup
H∋y→x
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
[
‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)
tmin{1/q−α,1/(2q)−β}
∏k
i=1 ‖ui‖H
]
= 0. (85)
This and (34) show that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), q ∈ (1, 1
max{α,2β,1/2}), x ∈ H it holds
that
lim sup
H∋y→x
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈[0,T ]
[
‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)∏k
i=1 ‖ui‖H
]
≤ Tmin{1/q−α,1/(2q)−β} lim sup
H∋y→x
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈(0,T ]
‖Xk,(x,u)t −Xk,(y,u)t ‖Lp(P;H)
tmin{1/q−α,1/(2q)−β}
∏k
i=1 ‖ui‖H
= 0.
(86)
Combining (86) with item (iii) proves item (v).
We now prove item (vi) by induction on k ∈ {1, 2, . . . , n}. Note that (74) ensures that for all
p ∈ (0,∞) it holds that
L˜p <∞. (87)
Furthermore, observe that for all l ∈ {0, 1}, u = (u0, u1) ∈ H2, t ∈ [0, T ] it holds that
Gl(X
0,u0+u1
t )−Gl(X0,u0t ) = G¯u1,l(t, X0,u0+u1t −X0,u0t ). (88)
25
This and (34) imply that for all u = (u0, u1) ∈ H2, t ∈ [0, T ] it holds that
[X0,u0+u1t −X0,u0t ]P,B(H) = [etAu1]P,B(H)
+
∫ t
0
e(t−s)A G¯u1,0(s,X
0,u0+u1
s −X0,u0s )ds +
∫ t
0
e(t−s)A G¯u1,1(s,X
0,u0+u1
s −X0,u0s ) dWs.
(89)
Combining this with the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato &
Zabczyk [8], (26), (34), and Proposition 2.7 in [1] (withH = H , U = U , T = T , η = η, p = p, α = 0,
αˆ = 0, β = 0, βˆ = 0, L0 = |F |C1b(H,H), Lˆ0 = 0, L1 = |B|C1b(H,HS(U,H)), Lˆ1 = 0, W = W , A = A,
F = Gu1,0, B = G
u
1,1, δ = 0, Y
1 = X0,θ
1
1(u) − X0,θ10(u), Y 2 = X1,u, λ = 0 for u = (u0, u1) ∈ H2,
p ∈ [2,∞) in the notation of Proposition 2.7 in [1]) ensures that for all p ∈ [2,∞), u ∈ H2 it holds
that
sup
t∈[0,T ]
∥∥X0,θ11(u)t −X0,θ10(u)t −X1,ut ∥∥Lp(P;H) ≤ Θ0,0,0A,η,p,T(|F |C1b(H,H), |B|C1b(H,HS(U,H)))
· sup
t∈(0,T ]
[∥∥∥∥∥
∫ t
0
e(t−s)A
(
G¯u1,0(s,X
0,θ11(u)
s −X0,θ
1
0(u)
s )−Gu1,0(s,X0,θ
1
1(u)
s −X0,θ
1
0(u)
s )
)
ds
+
∫ t
0
e(t−s)A
(
G¯u1,1(s,X
0,θ11(u)
s −X0,θ
1
0(u)
s )−Gu1,1(s,X0,θ
1
1(u)
s −X0,θ
1
0(u)
s )
)
dWs
∥∥∥∥∥
Lp(P;H)
]
≤ χ0,TA,ηΘ0,0,0A,η,p,T
(|F |C1b(H,H), |B|C1b(H,HS(U,H)))
·
[∫ T
0
‖G¯u1,0(s,X0,θ
1
1(u)
s −X0,θ
1
0(u)
s )−Gu1,0(s,X0,θ
1
1(u)
s −X0,θ
1
0(u)
s )‖Lp(P;H) ds
+
[
p (p−1)
2
∫ T
0
‖G¯u1,1(s,X0,θ
1
1(u)
s −X0,θ
1
0(u)
s )−Gu1,1(s,X0,θ
1
1(u)
s −X0,θ
1
0(u)
s )‖2Lp(P;HS(U,H)) ds
]1/2 ]
.
(90)
In addition, Ho¨lder’s inequality yields that for all p ∈ [2,∞), l ∈ {0, 1}, u = (u0, u1) ∈ H × (H \
{0}), t ∈ (0, T ] it holds that
‖G¯u1,l(t, X0,u0+u1t −X0,u0t )−Gu1,l(t, X0,u0+u1t −X0,u0t )‖Lp(P;Vl,0)
‖u1‖H
=
1
‖u1‖H
∥∥∥∥
∫ 1
0
[G′l(X
0,u0
t + ρ[X
0,u0+u1
t −X0,u0t ])−G′l(X0,u0t )](X0,u0+u1t −X0,u0t ) dρ
∥∥∥∥
Lp(P;Vl,0)
≤ L˜2p
∫ 1
0
‖G′l(X0,u0t + ρ[X0,u0+u1t −X0,u0t ])−G′l(X0,u0t )‖L2p(P;L(H,Vl,0)) dρ.
(91)
In the next step we combine (90) with (91) and Jensen’s inequality to obtain that for all p ∈ [2,∞),
26
u = (u0, u1) ∈ H × (H \ {0}) it holds that
sup
t∈[0,T ]
‖X0,θ11(u)t −X0,θ
1
0(u)
t −X1,ut ‖Lp(P;H)
‖u1‖H ≤ L˜2p χ
0,T
A,ηΘ
0,0,0
A,η,p,T
(|F |C1b(H,H), |B|C1b(H,HS(U,H)))
·
[∫ T
0
∫ 1
0
‖F ′(X0,u0s + ρ[X0,u0+u1s −X0,u0s ])− F ′(X0,u0s )‖L2p(P;L(H,H)) dρ ds
+
[
p (p−1)
2
∫ T
0
∫ 1
0
‖B′(X0,u0s + ρ[X0,u0+u1s −X0,u0s ])−B′(X0,u0s )‖2L2p(P;L(H,HS(U,H))) dρ ds
]1/2]
.
(92)
Furthermore, Lebesgue’s theorem of dominated convergence and (82) yield that for all m ∈
{1, 2, . . . , n}, l ∈ {0, 1}, p ∈ [2,∞), u0 ∈ H it holds that
lim sup
H∋u1→0
∫ T
0
∫ 1
0
‖G(m)l (X0,u0s + ρ[X0,u0+u1s −X0,u0s ])−G(m)l (X0,u0s )‖(l+1)Lp(P;L(m)(H,Vl,0)) dρ ds = 0. (93)
Combining (92) with (87) and (93) establishes item (vi) in the base case k = 1. For the induction
step {1, 2, . . . , n − 1} ∋ k → k + 1 ∈ {2, 3, . . . , n} assume that there exists a natural number
k ∈ {1, 2, . . . , n − 1} such that item (vi) holds for k = 1, k = 2, . . . , k = k. Note that item (ii)
ensures that for all m ∈ {1, 2, . . . , n}, p ∈ (0,∞), x, y ∈ H , v ∈ H \ {0} it holds that dm,p(x, y) +
d˜m,p(x, v) < ∞. We also note that item (v) and the induction hypothesis assure that for all
m ∈ {1, 2, . . . , k}, p ∈ (0,∞), x ∈ H it holds that
lim sup
H∋y→x
dm,p(x, y) = 0 and lim sup
H\{0}∋v→0
d˜m,p(x, v) = 0. (94)
Next observe that (38) shows that for all l ∈ {0, 1}, u = (u0, u1, . . . , uk+1) ∈ Hk+2, t ∈ [0, T ] it
holds that
G
θk+11 (u)
k,l (t, X
k,θk+11 (u)
t ) = G
′
l(X
0,u0+uk+1
t )X
k,θk+11 (u)
t
+
∑
̟∈Π∗
k
G
(#̟)
l (X
0,u0+uk+1
t )
(
X
#I̟1
,[θk+11 (u)]
̟
1
t , X
#I̟2
,[θk+11 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
) (95)
and
G
θk+10 (u)
k,l (t, X
k,θk+10 (u)
t ) = G
′
l(X
0,u0
t )X
k,θk+10 (u)
t
+
∑
̟∈Π∗
k
G
(#̟)
l (X
0,u0
t )
(
X
#I̟1
,[θk+10 (u)]
̟
1
t , X
#I̟2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t
)
.
(96)
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This implies that for all l ∈ {0, 1}, u = (u0, u1, . . . , uk+1) ∈ Hk+2, t ∈ [0, T ] it holds that
G
θk+11 (u)
k,l (t, X
k,θk+11 (u)
t )−Gθ
k+1
0 (u)
k,l (t, X
k,θk+10 (u)
t )
= G′l(X
0,u0+uk+1
t )X
k,θk+11 (u)
t −G′l(X0,u0t )Xk,θ
k+1
0 (u)
t
+
∑
̟∈Π∗k
[
G
(#̟)
l (X
0,u0+uk+1
t )
(
X
#I̟
1
,[θk+11 (u)]
̟
1
t , X
#I̟
2
,[θk+11 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)
−G(#̟)l (X0,u0t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t
)]
= G′l(X
0,u0
t )(X
k,θk+11 (u)
t −Xk,θ
k+1
0 (u)
t ) + [G
′
l(X
0,u0+uk+1
t )−G′l(X0,u0t )]Xk,θ
k+1
1 (u)
t
+
∑
̟∈Π∗k
[
[G
(#̟)
l (X
0,u0+uk+1
t )−G(#̟)l (X0,u0t )]
(
X
#I̟
1
,[θk+11 (u)]
̟
1
t , X
#I̟
2
,[θk+11 (u)]
̟
2
t , . . . ,
X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)
+G
(#̟)
l (X
0,u0
t )
(
X
#I̟1
,[θk+11 (u)]
̟
1
t , X
#I̟2
,[θk+11 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)
−G(#̟)l (X0,u0t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t
)]
.
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The fundamental theorem of calculus and (39) hence yield that for all l ∈ {0, 1}, u ∈ Hk+2,
t ∈ [0, T ] it holds that
G
θk+11 (u)
k,l (t, X
k,θk+11 (u)
t )−Gθ
k+1
0 (u)
k,l (t, X
k,θk+10 (u)
t ) = G¯
u
k+1,l(t, X
k,θk+11 (u)
t −Xk,θ
k+1
0 (u)
t ). (98)
This, (34), and (38) imply that for all u ∈ Hk+2, t ∈ [0, T ] it holds that
[
X
k,θk+11 (u)
t −Xk,θ
k+1
0 (u)
t
]
P,B(H)
=
∫ t
0
e(t−s)A
[
G
θk+11 (u)
k,0 (s,X
k,θk+11 (u)
s )−Gθ
k+1
0 (u)
k,0 (s,X
k,θk+10 (u)
s )
]
ds
+
∫ t
0
e(t−s)A
[
G
θk+11 (u)
k,1 (s,X
k,θk+11 (u)
s )−Gθ
k+1
0 (u)
k,1 (s,X
k,θk+10 (u)
s )
]
dWs
=
∫ t
0
e(t−s)A G¯uk+1,0(s,X
k,θk+11 (u)
s −Xk,θ
k+1
0 (u)
s )ds
+
∫ t
0
e(t−s)A G¯uk+1,1(s,X
k,θk+11 (u)
s −Xk,θ
k+1
0 (u)
s ) dWs.
(99)
Combining this with (31), (32), (34), and Proposition 2.7 in [1] (withH = H , U = U , T = T , η = η,
p = p, α = 0, αˆ = 0, β = 0, βˆ = 0, L0 = |F |C1b(H,H), Lˆ0 =
∑
̟∈Π∗
k+1
|F |C#̟b (H,H)
∏#̟
i=1
∥∥[[X#I̟i ,[u]̟i ]]∥∥
Lp#̟
,
L1 = |B|C1b(H,HS(U,H)), Lˆ1 =
∑
̟∈Π∗k+1 |B|C#̟b (H,HS(U,H))
∏#̟
i=1
∥∥[[X#I̟i ,[u]̟i ]]∥∥
Lp#̟
, W = W , A = A,
F = Guk+1,0, B = G
u
k+1,1, δ = 0, Y
1 = Xk,θ
k+1
1 (u) −Xk,θk+10 (u), Y 2 = Xk+1,u, λ = 0 for u ∈ Hk+2,
p ∈ [2,∞) in the notation of Proposition 2.7 in [1]) implies that for all p ∈ [2,∞), u ∈ Hk+2 it
28
holds that
sup
t∈[0,T ]
∥∥Xk,θk+11 (u)t −Xk,θk+10 (u)t −Xk+1,ut ∥∥Lp(P;H) ≤ Θ0,0,0A,η,p,T(|F |C1b(H,H), |B|C1b(H,HS(U,H)))
· sup
t∈(0,T ]
[∥∥∥∥∥
∫ t
0
e(t−s)A
(
G¯uk+1,0(s,X
k,θk+11 (u)
s −Xk,θ
k+1
0 (u)
s )−Guk+1,0(s,Xk,θ
k+1
1 (u)
s −Xk,θ
k+1
0 (u)
s )
)
ds
+
∫ t
0
e(t−s)A
(
G¯uk+1,1(s,X
k,θk+11 (u)
s −Xk,θ
k+1
0 (u)
s )−Guk+1,1(s,Xk,θ
k+1
1 (u)
s −Xk,θ
k+1
0 (u)
s )
)
dWs
∥∥∥∥∥
Lp(P;H)
]
.
(100)
The Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [8] hence
shows that for all p ∈ [2,∞), u ∈ Hk+2 it holds that
sup
t∈[0,T ]
∥∥Xk,θk+11 (u)t −Xk,θk+10 (u)t −Xk+1,ut ∥∥Lp(P;H) ≤ χ0,TA,ηΘ0,0,0A,η,p,T(|F |C1b(H,H), |B|C1b(H,HS(U,H)))
·
[∫ T
0
‖G¯uk+1,0(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )−Guk+1,0(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )‖Lp(P;H) dt+
[
p (p−1)
2
]1/2
·
[∫ T
0
‖G¯uk+1,1(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )−Guk+1,1(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )‖2Lp(P;HS(U,H)) dt
]1/2 ]
.
(101)
Next observe that for all m ∈ N it holds that
Πm+1 =
{
̟ ∪ {{m+ 1}} : ̟ ∈ Πm}⊎{{
I̟1 , I
̟
2 , . . . , I
̟
i−1, I
̟
i ∪ {m+ 1}, I̟i+1, I̟i+2, . . . , I̟#̟
}
: i ∈ {1, 2, . . . ,#̟}, ̟ ∈ Πm
}
.
(102)
This implies that for all m ∈ N it holds that
Π∗m+1 =
{
̟ ∪ {{m+ 1}} : ̟ ∈ Πm}⊎{{
I̟1 , I
̟
2 , . . . , I
̟
i−1, I
̟
i ∪ {m+ 1}, I̟i+1, I̟i+2, . . . , I̟#̟
}
: i ∈ {1, 2, . . . ,#̟}, ̟ ∈ Π∗m
}
=
{{{1, 2, . . . , m}, {m+ 1}}}⊎[ ⋃
̟∈Π∗m
({
̟ ∪ {{m+ 1}}}
⊎{{
I̟1 , I
̟
2 , . . . , I
̟
i−1, I
̟
i ∪ {m+ 1}, I̟i+1, I̟i+2, . . . , I̟#̟
}
: i ∈ {1, 2, . . . ,#̟}
})]
.
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This and (38) prove that for all l ∈ {0, 1}, u = (u0, u1, . . . , uk+1) ∈ Hk+2, x ∈ H , t ∈ [0, T ] it holds
29
that
Guk+1,l(t, x) = G
′
l(X
0,u0
t )x+
∑
̟∈Π∗
k+1
G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[u]̟1
t , X
#I̟
2
,[u]̟2
t , . . . , X
#I̟
#̟
,[u]̟#̟
t
)
= G′l(X
0,u0
t ) x+G
′′
l (X
0,u0
t )
(
X
k,θk+10 (u)
t , X
1,(u0,uk+1)
t
)
+
∑
̟∈Π∗
k
[
G
(#̟+1)
l (X
0,u0
t )
(
X
#I̟1
,[θk+10 (u)]
̟
1
t , X
#I̟2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t , X
1,(u0,uk+1)
t
)
+
#̟∑
i=1
G
(#̟)
l (X
0,u0
t )
(
X
#I̟1
,[θk+10 (u)]
̟
1
t , X
#I̟2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t ,
X
#I̟
i
+1,([θk+10 (u)]
̟
i ,uk+1)
t , X
#I̟
i+1
,[θk+10 (u)]
̟
i+1
t , X
#I̟
i+2
,[θk+10 (u)]
̟
i+2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t
)]
.
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Moreover, observe that (39) shows that for all l ∈ {0, 1}, u = (u0, u1, . . . , uk+1) ∈ Hk+2, x ∈ H ,
t ∈ [0, T ] it holds that
G¯uk+1,l(t, x) = G
′
l(X
0,u0
t ) x
+
∫ 1
0
G′′l
(
X0,u0t + ρ[X
0,u0+uk+1
t −X0,u0t ]
)(
X
k,θk+11 (u)
t , X
0,u0+uk+1
t −X0,u0t
)
dρ
+
∑
̟∈Π∗
k
[∫ 1
0
G
(#̟+1)
l
(
X0,u0t + ρ[X
0,u0+uk+1
t −X0,u0t ]
)(
X
#I̟1
,[θk+11 (u)]
̟
1
t , X
#I̟2
,[θk+11 (u)]
̟
2
t , . . . ,
X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t
)
dρ
+
#̟∑
i=1
G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t , X
#I̟
i
,[θk+11 (u)]
̟
i
t
−X#I̟i ,[θ
k+1
0 (u)]
̟
i
t , X
#I̟
i+1
,[θk+11 (u)]
̟
i+1
t , X
#I̟
i+2
,[θk+11 (u)]
̟
i+2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)]
.
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30
This implies that for all l ∈ {0, 1}, u = (u0, u1, . . . , uk+1) ∈ Hk+2, t ∈ [0, T ] it holds that
G¯uk+1,l(t, X
k,θk+11 (u)
t −Xk,θ
k+1
0 (u)
t )−Guk+1,l(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )
=
∑
̟∈Π∗
k
#̟∑
i=1
[
G
(#̟)
l (X
0,u0
t )
(
X
#I̟1
,[θk+10 (u)]
̟
1
t , X
#I̟2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t ,
X
#I̟
i
,[θk+11 (u)]
̟
i
t −X
#I̟
i
,[θk+10 (u)]
̟
i
t −X
#I̟
i
+1,([θk+10 (u)]
̟
i ,uk+1)
t , X
#I̟
i+1
,[θk+11 (u)]
̟
i+1
t ,
X
#I̟
i+2
,[θk+11 (u)]
̟
i+2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)
+G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t ,
X
#I̟
i
+1,([θk+10 (u)]
̟
i ,uk+1)
t , X
#I̟
i+1
,[θk+11 (u)]
̟
i+1
t , X
#I̟
i+2
,[θk+11 (u)]
̟
i+2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)
−G(#̟)l (X0,u0t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t ,
X
#I̟
i
+1,([θk+10 (u)]
̟
i ,uk+1)
t , X
#I̟
i+1
,[θk+10 (u)]
̟
i+1
t , X
#I̟
i+2
,[θk+10 (u)]
̟
i+2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t
)]
+
∑
̟∈Πk
[ ∫ 1
0
[
G
(#̟+1)
l
(
X0,u0t + ρ[X
0,u0+uk+1
t −X0,u0t ]
)−G(#̟+1)l (X0,u0t )](X#I̟1 ,[θk+11 (u)]̟1t ,
X
#I̟2
,[θk+11 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t
)
dρ
+G
(#̟+1)
l (X
0,u0
t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t ,
X
0,u0+uk+1
t −X0,u0t −X1,(u0,uk+1)t
)
+G
(#̟+1)
l (X
0,u0
t )
(
X
#I̟
1
,[θk+11 (u)]
̟
1
t , X
#I̟
2
,[θk+11 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t
)
−G(#̟+1)l (X0,u0t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t
)]
.
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31
This assures that for all l ∈ {0, 1}, u = (u0, u1, . . . , uk+1) ∈ Hk+2, t ∈ [0, T ] it holds that
G¯uk+1,l(t, X
k,θk+11 (u)
t −Xk,θ
k+1
0 (u)
t )−Guk+1,l(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )
=
∑
̟∈Π∗
k
#̟∑
i=1
[
G
(#̟)
l (X
0,u0
t )
(
X
#I̟1
,[θk+10 (u)]
̟
1
t , X
#I̟2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t ,
X
#I̟
i
,[θk+11 (u)]
̟
i
t −X
#I̟
i
,[θk+10 (u)]
̟
i
t −X
#I̟
i
+1,([θk+10 (u)]
̟
i ,uk+1)
t , X
#I̟
i+1
,[θk+11 (u)]
̟
i+1
t ,
X
#I̟
i+2
,[θk+11 (u)]
̟
i+2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)
+
#̟∑
j=i+1
G
(#̟)
l (X
0,u0
t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t ,
X
#I̟
i
+1,([θk+10 (u)]
̟
i ,uk+1)
t , X
#I̟
i+1
,[θk+10 (u)]
̟
i+1
t , X
#I̟
i+2
,[θk+10 (u)]
̟
i+2
t , . . . , X
#I̟
j−1
,[θk+10 (u)]
̟
j−1
t ,
X
#I̟
j
,[θk+11 (u)]
̟
j
t −X
#I̟
j
,[θk+10 (u)]
̟
j
t , X
#I̟
j+1
,[θk+11 (u)]
̟
j+1
t , X
#I̟
j+2
,[θk+11 (u)]
̟
j+2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)]
+
∑
̟∈Πk
[∫ 1
0
[
G
(#̟+1)
l
(
X0,u0t + ρ[X
0,u0+uk+1
t −X0,u0t ]
)−G(#̟+1)l (X0,u0t )](X#I̟1 ,[θk+11 (u)]̟1t ,
X
#I̟
2
,[θk+11 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t
)
dρ
+G
(#̟+1)
l (X
0,u0
t )
(
X
#I̟
1
,[θk+10 (u)]
̟
1
t , X
#I̟
2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t ,
X
0,u0+uk+1
t −X0,u0t −X1,(u0,uk+1)t
)
+
#̟∑
i=1
G
(#̟+1)
l (X
0,u0
t )
(
X
#I̟1
,[θk+10 (u)]
̟
1
t , X
#I̟2
,[θk+10 (u)]
̟
2
t , . . . , X
#I̟
i−1
,[θk+10 (u)]
̟
i−1
t ,
X
#I̟
i
,[θk+11 (u)]
̟
i
t −X
#I̟
i
,[θk+10 (u)]
̟
i
t , X
#I̟
i+1
,[θk+11 (u)]
̟
i+1
t , X
#I̟
i+2
,[θk+11 (u)]
̟
i+2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t ,
X
0,u0+uk+1
t −X0,u0t
)]
.
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Furthermore, Ho¨lder’s inequality shows that for all l ∈ {0, 1}, p ∈ [2,∞),̟ ∈ Π∗k, j ∈ {1, 2, . . . ,#̟},
32
m ∈ {j + 1, j + 2, . . . ,#̟}, u = (u0, u1, . . . , uk+1) ∈ ×k+1i=0H [i], t ∈ (0, T ] it holds that
1∏k+1
i=1 ‖ui‖H
∥∥G(#̟)l (X0,u0t )(X#I̟1 ,[θk+10 (u)]̟1t , X#I̟2 ,[θk+10 (u)]̟2t , . . . , X#I̟j−1 ,[θk+10 (u)]̟j−1t ,
X
#I̟
j
,[θk+11 (u)]
̟
j
t −X
#I̟
j
,[θk+10 (u)]
̟
j
t −X
#I̟
j
+1,([θk+10 (u)]
̟
j ,uk+1)
t , X
#I̟
j+1
,[θk+11 (u)]
̟
j+1
t ,
X
#I̟
j+2
,[θk+11 (u)]
̟
j+2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)∥∥
Lp(P;Vl,0)
≤ |Gl|C#̟b (H,Vl,0)
[
j−1∏
i=1
‖X#I̟i ,[θ
k+1
0 (u)]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
][
#̟∏
i=j+1
‖X#I̟i ,[θ
k+1
1 (u)]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
]
· ‖X
#I̟
j
,[θk+11 (u)]
̟
j
t −X
#I̟
j
,[θk+10 (u)]
̟
j
t −X
#I̟
j
+1,([θk+10 (u)]
̟
j ,uk+1)
t ‖Lp#̟ (P;H)
‖uk+1‖H
∏#I̟
j
q=1 ‖uI̟j,q‖H
≤ |Gl|C#̟b (H,Vl,0) L
0k
̟\{I̟j },p#̟ d˜#I̟j +1,p#̟(u0, uk+1)
∏
I∈̟\{I̟j }t
−ι0kI
≤ |T ∨ 1|⌊k/2⌋min{1−α,1/2−β} |Gl|C#̟b (H,Vl,0) L
0k
̟\{I̟j },p#̟ d˜#I̟j +1,p#̟(u0, uk+1)
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and
1∏k+1
i=1 ‖ui‖H
∥∥G(#̟)l (X0,u0t )(X#I̟1 ,[θk+10 (u)]̟1t , X#I̟2 ,[θk+10 (u)]̟2t , . . . , X#I̟j−1 ,[θk+10 (u)]̟j−1t ,
X
#I̟
j
+1,([θk+10 (u)]
̟
j ,uk+1)
t , X
#I̟
j+1
,[θk+10 (u)]
̟
j+1
t , X
#I̟
j+2
,[θk+10 (u)]
̟
j+2
t , . . . , X
#I̟
m−1
,[θk+10 (u)]
̟
m−1
t ,
X
#I̟m ,[θ
k+1
1 (u)]
̟
m
t −X#I
̟
m
,[θk+10 (u)]
̟
m
t , X
#I̟
m+1
,[θk+11 (u)]
̟
m+1
t , X
#I̟
m+2
,[θk+11 (u)]
̟
m+2
t , . . . ,
X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t
)∥∥
Lp(P;Vl,0)
≤ |Gl|C#̟b (H,Vl,0)
[ ∏
i∈{1,2,...,m−1}\{j}
‖X#I̟i ,[θ
k+1
0 (u)]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
]
·
[
#̟∏
i=m+1
‖X#I̟i ,[θ
k+1
1 (u)]
̟
i
t ‖Lp#̟ (P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
][
‖X#I
̟
j
+1,([θk+10 (u)]
̟
j ,uk+1)
t ‖Lp#̟ (P;H)
‖uk+1‖H
∏#I̟
j
q=1 ‖uI̟j,q‖H
]
· ‖X
#I̟m ,[θ
k+1
1 (u)]
̟
m
t −X
#I̟m ,[θ
k+1
0 (u)]
̟
m
t ‖Lp#̟ (P;H)∏#I̟m
q=1 ‖uI̟m,q‖H
≤ |Gl|C#̟b (H,Vl,0) L
0k+1
{I̟j ∪{k+1}},p#̟ L
0k
̟\{I̟j , I̟m},p#̟ d#I̟m ,p#̟(u0, u0 + uk+1)
· t−ι
0k+1
I̟
j
∪{k+1}
∏
I∈̟\{I̟j , I̟m} t
−ι0k
I
≤ |T ∨ 1|⌊k/2⌋min{1−α,1/2−β} |Gl|C#̟b (H,Vl,0) L
0k+1
{I̟j ∪{k+1}},p#̟ L
0k
̟\{I̟j , I̟m},p#̟
· d#I̟m ,p#̟(u0, u0 + uk+1).
(109)
33
In addition, Ho¨lder’s inequality also shows that for all l ∈ {0, 1}, p ∈ [2,∞), ̟ ∈ Πk, u =
(u0, u1, . . . , uk+1) ∈ ×k+1i=0H [i], t ∈ (0, T ] it holds that
1∏k+1
i=1 ‖ui‖H
∥∥∥∥
∫ 1
0
[
G
(#̟+1)
l
(
X0,u0t + ρ[X
0,u0+uk+1
t −X0,u0t ]
)−G(#̟+1)l (X0,u0t )](X#I̟1 ,[θk+11 (u)]̟1t ,
X
#I̟
2
,[θk+11 (u)]
̟
2
t , . . . , X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t
)
dρ
∥∥∥∥
Lp(P;Vl,0)
≤
∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])−G(#̟+1)l (X0,u0t )∥∥Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ
·
[
#̟∏
i=1
‖X#I̟i ,[θ
k+1
1 (u)]
̟
i
t ‖Lp(#̟+2)(P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
]
‖X0,u0+uk+1t −X0,u0t ‖Lp(#̟+2)(P;H)
‖uk+1‖H
≤
∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])−G(#̟+1)l (X0,u0t )∥∥Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ
· L0k̟,p(#̟+2) L˜p(#̟+2)
∏
I∈̟ t
−ι0k
I
≤
∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])−G(#̟+1)l (X0,u0t )∥∥Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ
· |T ∨ 1|⌊k/2⌋min{1−α,1/2−β} L0k̟,p(#̟+2) L˜p(#̟+2).
(110)
Again Ho¨lder’s inequality assures that for all l ∈ {0, 1}, p ∈ [2,∞), ̟ ∈ Πk, j ∈ {1, 2, . . . ,#̟},
u = (u0, u1, . . . , uk+1) ∈ ×k+1i=0H [i], t ∈ (0, T ] it holds that
1∏k+1
i=1 ‖ui‖H
∥∥G(#̟+1)l (X0,u0t )(X#I̟1 ,[θk+10 (u)]̟1t , X#I̟2 ,[θk+10 (u)]̟2t , . . . ,
X
#I̟
#̟
,[θk+10 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t −X1,(u0,uk+1)t
)∥∥
Lp(P;Vl,0)
≤ |Gl|C#̟+1b (H,Vl,0)
[
#̟∏
i=1
‖X#I̟i ,[θ
k+1
0 (u)]
̟
i
t ‖Lp(#̟+1)(P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
]
· ‖X
0,u0+uk+1
t −X0,u0t −X1,(u0,uk+1)t ‖Lp(#̟+1)(P;H)
‖uk+1‖H
≤ |T ∨ 1|⌊k/2⌋min{1−α,1/2−β} |Gl|C#̟+1b (H,Vl,0) L
0k
̟,p(#̟+1)
d˜1,p(#̟+1)(u0, uk+1)
(111)
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and
1∏k+1
i=1 ‖ui‖H
∥∥G(#̟+1)l (X0,u0t )(X#I̟1 ,[θk+10 (u)]̟1t , X#I̟2 ,[θk+10 (u)]̟2t , . . . , X#I̟j−1 ,[θk+10 (u)]̟j−1t ,
X
#I̟
j
,[θk+11 (u)]
̟
j
t −X
#I̟
j
,[θk+10 (u)]
̟
j
t , X
#I̟
j+1
,[θk+11 (u)]
̟
j+1
t , X
#I̟
j+2
,[θk+11 (u)]
̟
j+2
t , . . . ,
X
#I̟
#̟
,[θk+11 (u)]
̟
#̟
t , X
0,u0+uk+1
t −X0,u0t
)∥∥
Lp(P;Vl,0)
≤ |Gl|C#̟+1b (H,Vl,0)
[
j−1∏
i=1
‖X#I̟i ,[θ
k+1
0 (u)]
̟
i
t ‖Lp(#̟+1)(P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
][
#̟∏
i=j+1
‖X#I̟i ,[θ
k+1
1 (u)]
̟
i
t ‖Lp(#̟+1)(P;H)∏#I̟
i
q=1 ‖uI̟i,q‖H
]
·
[
‖X#I
̟
j
,[θk+11 (u)]
̟
j
t −X
#I̟
j
,[θk+10 (u)]
̟
j
t ‖Lp(#̟+1)(P;H)∏#I̟
j
q=1 ‖uI̟j,q‖H
]
‖X0,u0+uk+1t −X0,u0t ‖Lp(#̟+1)(P;H)
‖uk+1‖H
≤ |T ∨ 1|⌊k/2⌋min{1−α,1/2−β} |Gl|C#̟+1b (H,Vl,0) L
0k
̟\{I̟j },p(#̟+1) L˜p(#̟+1)
· d#I̟
j
,p(#̟+1)(u0, u0 + uk+1).
(112)
Combining (107)–(112) yields that for all l ∈ {0, 1}, p ∈ [2,∞), u = (u0, u1, . . . , uk+1) ∈ ×k+1i=0H [i],
t ∈ (0, T ] it holds that
‖G¯uk+1,l(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )−Guk+1,l(t, Xk,θ
k+1
1 (u)
t −Xk,θ
k+1
0 (u)
t )‖Lp(P;Vl,0)∏k+1
i=1 ‖ui‖H
≤ |T ∨ 1|k
·
( ∑
̟∈Π∗
k
|Gl|C#̟b (H,Vl,0)
∑
I∈̟
[
L0k̟\{I},p#̟ d˜#I+1,p#̟(u0, uk+1)
+ L
0k+1
{I∪{k+1}},p#̟
∑
J∈̟ : min(J)>min(I)
L0k̟\{I,J},p#̟ d#J ,p#̟(u0, u0 + uk+1)
]
+
∑
̟∈Πk
[
L0k̟,p(#̟+2) L˜p(#̟+2)
·
∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])−G(#̟+1)l (X0,u0t )∥∥Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ
+ |Gl|C#̟+1b (H,Vl,0)
(
L0k̟,p(#̟+1) d˜1,p(#̟+1)(u0, uk+1)
+
∑
I∈̟
L0k̟\{I},p(#̟+1) L˜p(#̟+1) d#I ,p(#̟+1)(u0, u0 + uk+1)
)])
.
(113)
This and Minkowski’s inequality imply that for all l ∈ {0, 1}, p ∈ [2,∞), u = (u0, u1, . . . , uk+1) ∈
35
×k+1i=0H [i] it holds that
∫ T
0

‖G¯uk+1,l(t, Xk,θk+11 (u)t −Xk,θk+10 (u)t )−Guk+1,l(t, Xk,θk+11 (u)t −Xk,θk+10 (u)t )‖Lp(P;Vl,0)∏k+1
i=1 ‖ui‖H


(l+1)
dt


1/(l+1)
≤ |T ∨ 1|k
[∫ T
0
( ∑
̟∈Π∗k
|Gl|C#̟b (H,Vl,0)
∑
I∈̟
[
L0k̟\{I},p#̟ d˜#I+1,p#̟(u0, uk+1)
+ L
0k+1
{I∪{k+1}},p#̟
∑
J∈̟ : min(J)>min(I)
L0k̟\{I,J},p#̟ d#J ,p#̟(u0, u0 + uk+1)
]
+
∑
̟∈Πk
[
L0k̟,p(#̟+2) L˜p(#̟+2)
·
∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])−G(#̟+1)l (X0,u0t )∥∥Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ
+ |Gl|C#̟+1b (H,Vl,0)
(
L0k̟,p(#̟+1) d˜1,p(#̟+1)(u0, uk+1)
+
∑
I∈̟
L0k̟\{I},p(#̟+1) L˜p(#̟+1) d#I ,p(#̟+1)(u0, u0 + uk+1)
)])(l+1)
dt
]1/(l+1)
≤ |T ∨ 1|k
{[∫ T
0
( ∑
̟∈Π∗
k
|Gl|C#̟b (H,Vl,0)
∑
I∈̟
[
L0k̟\{I},p#̟ d˜#I+1,p#̟(u0, uk+1)
+ L
0k+1
{I∪{k+1}},p#̟
∑
J∈̟ : min(J)>min(I)
L0k̟\{I,J},p#̟ d#J ,p#̟(u0, u0 + uk+1)
])(l+1)
dt
]1/(l+1)
+
∑
̟∈Πk
{[∫ T
0
(
L0k̟,p(#̟+2) L˜p(#̟+2)
∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])
−G(#̟+1)l
(
X0,u0t
)∥∥
Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ
)(l+1)
dt
]1/(l+1)
+
[∫ T
0
(
|Gl|C#̟+1b (H,Vl,0)
(
L0k̟,p(#̟+1) d˜1,p(#̟+1)(u0, uk+1)
+
∑
I∈̟
L0k̟\{I},p(#̟+1) L˜p(#̟+1) d#I ,p(#̟+1)(u0, u0 + uk+1)
))(l+1)
dt
]1/(l+1)}}
.
(114)
Jensen’s inequality hence shows that for all l ∈ {0, 1}, p ∈ [2,∞), u = (u0, u1, . . . , uk+1) ∈ ×k+1i=0H [i]
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it holds that
∫ T
0

‖G¯uk+1,l(t, Xk,θk+11 (u)t −Xk,θk+10 (u)t )−Guk+1,l(t, Xk,θk+11 (u)t −Xk,θk+10 (u)t )‖Lp(P;Vl,0)∏k+1
i=1 ‖ui‖H


(l+1)
dt


1/(l+1)
≤ |T ∨ 1|k
{ ∑
̟∈Π∗
k
T
1/(l+1) |Gl|C#̟b (H,Vl,0)
∑
I∈̟
[
L0k̟\{I},p#̟ d˜#I+1,p#̟(u0, uk+1)
+ L
0k+1
{I∪{k+1}},p#̟
∑
J∈̟ : min(J)>min(I)
L0k̟\{I,J},p#̟ d#J ,p#̟(u0, u0 + uk+1)
]
+
∑
̟∈Πk
{
L0k̟,p(#̟+2) L˜p(#̟+2)
[ ∫ T
0
(∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])
−G(#̟+1)l
(
X0,u0t
)∥∥
Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ
)(l+1)
dt
]1/(l+1)
+ T
1/(l+1) |Gl|C#̟+1b (H,Vl,0)
(
L0k̟,p(#̟+1) d˜1,p(#̟+1)(u0, uk+1)
+
∑
I∈̟
L0k̟\{I},p(#̟+1) L˜p(#̟+1) d#I ,p(#̟+1)(u0, u0 + uk+1)
)}}
≤ |T ∨ 1|k
{ ∑
̟∈Π∗k
T
1/(l+1) |Gl|C#̟b (H,Vl,0)
∑
I∈̟
[
L0k̟\{I},p#̟ d˜#I+1,p#̟(u0, uk+1)
+ L
0k+1
{I∪{k+1}},p#̟
∑
J∈̟ : min(J)>min(I)
L0k̟\{I,J},p#̟ d#J ,p#̟(u0, u0 + uk+1)
]
+
∑
̟∈Πk
{
L0k̟,p(#̟+2) L˜p(#̟+2)
[ ∫ T
0
∫ 1
0
∥∥G(#̟+1)l (X0,u0t + ρ[X0,u0+uk+1t −X0,u0t ])
−G(#̟+1)l
(
X0,u0t
)∥∥(l+1)
Lp(#̟+2)(P;L(#̟+1)(H,Vl,0)) dρ dt
]1/(l+1)
+ T
1/(l+1) |Gl|C#̟+1b (H,Vl,0)
(
L0k̟,p(#̟+1) d˜1,p(#̟+1)(u0, uk+1)
+
∑
I∈̟
L0k̟\{I},p(#̟+1) L˜p(#̟+1) d#I ,p(#̟+1)(u0, u0 + uk+1)
)}}
.
(115)
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Combining (101) with (115) ensures that for all p ∈ [2,∞), x ∈ H , uk+1 ∈ H \ {0} it holds that
sup
u=(u1,u2,...,uk)∈(H\{0})k
sup
t∈[0,T ]
∥∥Xk,(x+uk+1,u)t −Xk,(x,u)t −Xk+1,(x,u,uk+1)t ∥∥Lp(P;H)∏k+1
i=1 ‖ui‖H
≤ |T ∨ 1|k χ0,TA,ηΘ0,0,0A,η,p,T
(|F |C1b(H,H), |B|C1b(H,HS(U,H)))
·
{ ∑
̟∈Π∗k
[
T |F |C#̟b (H,H) +
√
p (p−1)
2
T |B|C#̟b (H,HS(U,H))
]
·
∑
I∈̟
[
L0k̟\{I},p#̟ d˜#I+1,p#̟(x, uk+1)
+ L
0k+1
{I∪{k+1}},p#̟
∑
J∈̟ : min(J)>min(I)
L0k̟\{I,J},p#̟ d#J ,p#̟(x, x+ uk+1)
]
+
∑
̟∈Πk
[
L0k̟,p(#̟+2) L˜p(#̟+2)
(∫ T
0
∫ 1
0
‖F (#̟+1)(X0,xs + ρ[X0,x+uk+1s −X0,xs ])
− F (#̟+1)(X0,xs )‖Lp(#̟+2)(P;L(#̟+1)(H,H)) dρ ds
+
[
p (p−1)
2
∫ T
0
∫ 1
0
‖B(#̟+1)(X0,xs + ρ[X0,x+uk+1s −X0,xs ])
− B(#̟+1)(X0,xs )‖2Lp(#̟+2)(P;L(#̟+1)(H,HS(U,H))) dρ ds
]1/2)
+
[
T |F |C#̟+1b (H,H) +
√
p (p−1)
2
T |B|C#̟+1b (H,HS(U,H))
]
·
(
L0k̟,p(#̟+1) d˜1,p(#̟+1)(x, uk+1)
+
∑
I∈̟
L0k̟\{I},p(#̟+1) L˜p(#̟+1) d#I ,p(#̟+1)(x, x+ uk+1)
)]}
.
(116)
This, (93), and (94) establish item (vi) in the case k + 1. Induction thus completes the proof of
item (vi).
Combining item (iii), item (v), and item (vi) with item (ii) establishes item (vii) and item (viii).
Next we note that (42) and item (ii) ensure that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), x ∈ H ,
t ∈ [0, T ] it holds that
(
Hk ∋ u 7→ [Xk,(x,u)t ]P,B(H) ∈ Lp(P;H)
) ∈ L(k)(H,Lp(P;H)). (117)
In addition, item (v) ensures that for all k ∈ {1, 2, . . . , n}, p ∈ [2,∞), t ∈ [0, T ] it holds that
(
H ∋ x 7→ [Hk ∋ u 7→ [Xk,(x,u)t ]P,B(H) ∈ Lp(P;H)] ∈ L(k)(H,Lp(P;H)))
∈ C(H,L(k)(H,Lp(P;H))). (118)
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Combining (117) and (118) with item (ii) and item (vi) proves item (ix) and item (x). The proof
of Theorem 2.1 is thus completed.
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